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I. INTRODUCTION

The strong nuclear force governs the behavior of protons, neutrons, and other hadrons. Its underlying theory,
Quantum Chromodynamics (QCD), describes interactions between quarks and gluons. At high energies, these inter-
actions can be treated using perturbative techniques. However, at low energies, the theory becomes strongly coupled
and non-perturbative, making it extremely difficult to extract predictions using traditional analytic methods.

To address this challenge, Lattice Quantum Chromodynamics (LQCD) provides a non-perturbative, first-principles
approach to solving QCD by formulating it on a discretized space-time lattice. LQCD has proven successful in
computing static properties of hadrons and low-energy scattering in simple systems. Yet, many physically important
problems remain computationally difficult.

Among these, three-body scattering problems are especially important. Understanding three-body dynamics is
essential for exploring the formation of exotic hadronic states, probing sources of charge-parity violation, and modeling
nuclear forces in light nuclei. In addition, the computation of amplitudes relevant to processes like Compton scattering
plays a central role in ongoing and future experiments. These amplitudes provide access to fundamental quantities
such as parton distribution functions and are relevant for both hadron structure and neutrino-nucleus interactions.

Despite its strengths, standard LQCD methods are formulated in Euclidean space-time, which limits their ability
to directly access real-time dynamics. This presents a major obstacle for studying scattering amplitudes and time-
dependent observables. To overcome this, the use of quantum computing has emerged as a promising alternative.
Quantum computers naturally evolve quantum states in real time and allow access to real-time correlation functions
that are otherwise inaccessible.

In previous work, we developed a method to extract scattering amplitudes from real-time correlation functions
computed on a quantum device. This method has been successfully tested in two-body systems in one spatial
dimension. The present work aims to extend this framework to systems involving three particles, including those with
bound states, and to study whether it remains valid at energies where three-particle interactions become significant.

The goal is to evaluate whether these estimators can be reliably used at energies above the threshold for three-
particle production. To investigate this, we introduce a toy model in one spatial dimension where two- and three-body
channels are dynamically coupled. Section III provides a detailed description of the model.

II. INVESTIGATION OF REAL-TIME ESTIMATORS OF SCATTERING OBSERVABLES (RESOS)

In this section, we study the consequence of the Real-time Estimators of Scattering Observables (RESOs) for the
models introduced later in Sec. III. For simplicity, we consider a set of models where the three-body short dynamics
dynamical K matrix has been fixed to 0. This quantity is generally a scheme-dependent quantity, and for some scheme
it is natural to expect to be nearly vanishing. In other words, this is not an unnatural model. That said, we will
consider the variation of the two-body parameters, in order to assure that the results are model-independent.
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FIG. 1. Positive and negative amplitudes for a = −2, blue = real, red = imaginary components. Bottom panel is the systematic
deviation from unitarity. This was done using a smooth cutoff.

The model considered involves three identical spinless particles of mass m. We label these particles by φ. In what
follows, we will be defining all dimensionful quantities in units of m. We begin by fixing the two-body scattering
length to a = −2/m. As derived in Sec. III, in 1+1D, this implies that the two-body subsystem can have a bound
state with mass equal to mB . We denote the resulting amplitude of the bound state plus spectator as Mφb. It is this
quantity that we are interested in exploring.

In 1+1D, although there are no partial waves, one can still decompose amplitudes to definite parity. In Sec. ??, we
explain how to project Mφb to definite parity. We denote the result positive and negative parity amplitudes as M−

φb

and M+
φb, respectively.

Below the three-particle threshold, these amplitudes satisfy two-body unitarity, which can be written as

M±
φb =

1

ρφb cot δ
±
φb − iρφb

, (1)

where ρφb is the two-body phase space in 1+1D for distinguishable particles, and δ±φb is the scattering phase shift.
This condition assures that

∣∣∣M±
φbρφb

∣∣∣
2

≤ 1. (2)

Above the three-body threshold, we do not have a simple algebraic expression that the amplitude must satisfy. Instead,
as we review in Sec. III, these amplitudes satisfy integral equations that in general have no known algebraic solution,
and as a result we resort to solving numerically.

As discussed in detail in Refs. [1], the absence of asymptotic states in a finite-volume, results in the fact that one
cannot define scattering amplitudes in a finite-volume. Instead, one can define finite-volume analogues of the desired
amplitudes that in the infinite-volume limit do converge to the physical amplitudes. If we label these finite-volume
analogues as M±

φb,L, the infinite-volume limit can be recovered by

M±
φb = lim

ϵ→0
lim

L→∞
M±

φb,L. (3)

This formal relation is in general not practical, given that literally requires taking the volume to infinity.

III. COUPLED TWO- AND THREE-PARTICLE MODEL

Here we introduce a model that couples two- and three-particle systems. Using inspiration from ogngoing work in
developing formalism for studying three-body systems via lattice QCD [1], we consider a model where a three-body
system where two particle can form a bound state. For such a system, one can construct a two-body amplitude by
using the Lehmann-Symanzik-Zimmermann (LSZ) reduction formula. Here we give a brief description of the key
equations for the corresponding amplitudes both in an infinite and finite volume. Figure 1 depicts our amplitudes for
a 3 particle system with a 2 body bound state.

A. Infinite-volume amplitudes in 1+1D

Here we provide the key equations needed to be able to define the infinite-volume scattering amplitudes for two-
and three-particle systems in 1+1D. For simplicity, we assume two- and three-particle states are not strongly coupled.
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We begin by reviewing the form of the two-particle scattering amplitude for two identical particles of mass m.
In 1+1D the scattering amplitude depend on the Mandelstam variable s, which is defined in terms of the center of
mass (CM) energy of the system (E⋆) in the standard way s = E⋆2. Additional, these amplitudes will depend on a
discrete symmetry, parity. Equivalently, this can be understood in terms of the sign of the momentum of one of the
two-particles. If the particles are identical bosons, the two-particle states must be symmetric under the interchange.
This means that for such systems only the positive-parity amplitude will be nonzero. As a results, in what follows we
assume the

M2(s) =
1

K2(s)−1 − iρ2(s)
,

=
1

ρ2(s) cot δ2(s)− iρ2(s)
. (4)

where s is the Mandelstam variable defined in terms of the center of mass (CM) energy of the system (E⋆) in the
standard way s = E⋆2. The other quantities are the two-body K matrix (K2), two-body scattering phase shift (δ2),
and the two-body phase space factor (ρ2). The minimal definition of ρ2 can be obtained by isolating the singular
piece of the two-body s-channel loop [1]. Assuming the particles are identical, one finds

ρ2(s) =
1

8
√
sq⋆

, (5)

where q⋆ =
√

s
4 −m2 is the CM relative momentum. This differs from the more general result in two ways. First,

we in defining the relative momentum, we have assumed the masses of the two particles to be identical. Second, the
numerical factors includes a symmetry factor that has been set to 1/2, as should be the case for identical particles.

In what follows, the two-particle scattering amplitude will describe the contribution to a two-particle subsystem
within a three-particle state. The total system carries momentum P = (

√
s, 0) and the third particle that is not part of

the pair will carry some on-shell momentum. If we label this momentum as, for example, k = (ωk, k⃗) = (
√
k2 +m2, k⃗),

then the pair carries momentum P−k and we will denote the scalar product of this as σk ≡ (P−k)2 = s+m2−2
√
sωk.

As a result, below, the argument of M2 will σx where x will be momentum of the spectator, which will vary within
the context.

Three-body in the isotropic approximation:

D(u,u)(p, k) = M2(σp) d(p, k)M2(σk) (6)

d(p, k) ≡ −G(p, k, ϵ∞)−
ˆ ∞

−∞

dk′

4π ωk′
G(p, k′, ϵ∞)M2(σk′)d(k′, k)

∣∣∣∣
ϵ∞→+0

, (7)

G(p, k, ϵ∞) =
H(σp/4m

2)H(σk/4m
2)

(P − p− k)2 −m2 + iϵ∞
(8)

Here, ρ3 is ρ2 with the cutoff function included, which is defined as

ρ3(σp) ≡ H(σp/4m
2) ρ2(σp). (9)

where we use a “smooth" cutoff function

H(x) ≡





0 , x < 0 ≤ 1

exp
(
− 1

x exp [−1/(1− x)]
)
, 0 < x ≤ 1

1 , 1 < x ,

(10)

B. Parity-projection

In 1+1D, there is no angular dependence. Nevertheless, we still have a discrete symmetry, namely parity.

G±(p, k, ϵ∞) ≡ G(p, k, ϵ∞)±G(p,−k)

2

=
G(p, k, ϵ∞)±G(p,−k)±G(−p, k) +G(−p,−k)

4
(11)
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d±(p, k) ≡ −G±(p, k, ϵ∞)−
ˆ ∞

−∞

dk′

4π ωk′
G±(p, k′)M2(σk′)d±(k

′, k),

= −G±(p, k, ϵ∞)−
ˆ ∞

0

dk′

2π ωk′
G±(p, k′)M2(σk′)d±(k

′, k), (12)

M+/−
φb (s) =

g2

2

(
d(s, qφb, qφb)± d(s, q,−q)

)

=
g2

4

(
d(s, qφb, qφb)± d(s, q,−q)± d(s,−q, q) + d(s,−q,−q)

)

=
4q⋆

√
s

cot δ±φb(s)− i
(13)

C. Effective range expansion and two-body bound states

A convenient case to consider is that where

lim
s→sb

M2(s)(s− sb) = −g2 . (14)

Here we will only consider the leading order (LO) effective range expansion, in which the scattering phase shift is
defined by a single constant, namely the scattering length (a),

cot δ

q⋆
= −a. (15)

Using this and Eq. (5), we rewrite Eq. (4) more explicitly as,

M2(s) =
1

−a
8
√
s
− i 1

8
√
sq⋆

=
8
√
s

−a− i 1
q⋆

. (16)

q⋆b = − i

a

Eb ≡
√
sb = 2

√
m2 + q⋆2b = 2

√
m2 − 1

a2
(17)

g = 8

√
Eb

|a|3 (18)

In practice, we will need to integrate around this pole. The path that one must take is fixed by the ϵ prescription.
(We distinguish infinite and finite volume ϵ as infinite volume ϵ∞ and finite volume ϵ.) For the simple case we are
considering, this can be explicitly written as

M2(s, ϵ∞) = −32
√
sq⋆

a

q⋆ − i/a

s− sb + iϵ∞
(19)

where the bound state - spectator system has a relative momentum,

qφb =
1

2
√
s
λ1/2(s, sb,m

2) , (20)
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which we have defined in terms of the Källén triangle function, λ(a, b, c) = a2 + b2 + c2 − 2(ab+ ac+ cb).

Mφb(s) = g2d(s, qφb, qφb)

=
1

Kφb(s)−1 − iρφb(s)
, (21)

where ,

ρφb(s) =
1

4
√
s qφb

, (22)

D. Finite-volume amplitudes 1+1D

M2,L(E,P ) ≡ 1

M2(s)−1 + F2(E,P , L)

≡ 1

K2(s)−1 + F2,PV(E,P , L)
. (23)

where [1]

F2(E,P , L) = H(k) lim
ϵ→0+

1

2

[
1

L

∑

k

−
ˆ ∞

−∞

dk

2π

]
1

2ωk

1

(P − k)2 −m2 + iϵ
, (24)

= H(k)

(
iρ2(s) +

ρ2(s)

2

[
cot

(
Lγ(q⋆ + ω⋆

qβ)

2

)
+ cot

(
Lγ(q⋆ − ω⋆

qβ)

2

)])

≡ H(k)iρ2(s) + F2,PV(E,P , L) , (25)

Eqs. (80) and.... from Ref. [2]

M(u,u)
3,L = D(u,u)

L +M(u,u)
df,3,L (26)

D(u,u)
L = − 1

1 +M2,LGL
M2,LGLM2,L[2ωL]

= −M2,L
1

1 +GLM2,L
GL[2ωL]M2,L (27)

≡ M2,Ld
(u,u)
L M2,L (28)

d
(u,u)
L = − 1

1 +GLM2,L
GL[2ωL] (29)

M(u,u)
df,3,L =

[
1

3
− 1

1 +M2,LGL
M2,LF

]
Kdf,3

1

1 + F3,LKdf,3

[
1

3
− F

2ωL

1

1 +M2,LGL
M2,L[2ωL]

]
(30)

M2,L = δkpM2(E − ωk,P − k, L, ϵ) (31)

F±
3,L =

∑

k,p

P±(k, p)F3,L,k,p (32)

P±(k, p) =

{
1, if ± = + (positive parity),
sign(k) · sign(p), if ± = − (negative parity).

(33)

F3,L,k,p =
F

2ωL

[
1

3
− 1

1 +M2,LGL
M2,LF

]
(34)

Fk,p = δkpF2,PV(E − ωk,P − k, L) (35)
[2ωL]k,p = δkp2ωkL (36)

[GL]k,p = G(k, p)
1

2ωpL
(37)
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Note, all quantities are matrices in momentum space.
One can then obtain the energies by solving the 3-body quantization condition

(F3,L)
−1 = 0. (38)

One can also, as shown in Ref. [3] for the 3+1-D case, obtain the same energies up to exponentially suppressed effects
from the quantization condition of the two-body system (spectator + bound-state).

To quantify the deviation, we introduced

σL(E
⋆,P, ϵ) = 100×

∣∣∣∣
ML(E + iϵ,P)−M(E⋆)

M(E⋆)

∣∣∣∣ , (39)

plotted in the small lower panels of Fig. 6 and beyond.
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IV. RECOVERING THE L → ∞ LIMIT

First, plot dL for real energies for mL = 10. How this behavior compare with the finite volume quantization
condition:

det
[
K−1

df,3 + F3,L

]
= 0 (40)

for the isotropic approximation, this can be written as

(
Kiso

df,3

)−1
+ F iso

3,L = 0 (41)

where

F iso
3,L =

∑

k,p

[F3,L]k,p (42)

V. CONCLUSION

In this work, we extended real-time estimators of scattering observables (RESOs) to systems involving three particles
in one spatial dimension. By constructing a coupled-channel toy model with a tunable two-body bound state, we
tested the validity of the RESO framework at and above the three-particle threshold. Our results demonstrate that
the method reliably reproduces known amplitudes in both positive and negative parity channels, with convergence
controlled by the regulator parameter ϵ and finite-volume effects.

We also introduced a systematic binning procedure to mitigate finite-resolution effects and provided numerical
evidence that the RESO estimators remain accurate in the presence of multi-channel dynamics. Comparisons with
integral equation results confirm the methodâs self-consistency and highlight its potential for broader application.

These findings support the viability of real-time quantum simulation as a tool for extracting scattering amplitudes
from first principles, even in scenarios where traditional Lattice QCD methods face limitations. Future work will focus
on extending this framework to higher-dimensional systems, incorporating more realistic interactions, and exploring
its applicability to experimentally relevant observables such as Compton scattering and neutrino-nucleus interactions.
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Appendix A: Convergence test of integral equations

Let ϵ∞ to denote the regulator used in the integral equations of the infinite-volume amplitudes, which we will
ultimately take to 0. It is important to not mix this with the necessary ϵ in the definition of the RESOs.

1. Self-consistency study below three-particle threshold

To assess the reliability of the RESO framework, we perform several self-consistency checks in a regime where
analytic and integral equation results are known. Figure 6 compares the finite-volume energy spectrum for Kdf,3 = 0
with predictions from two-body Luscher analysis and the integral equation-derived phase shifts. Figure 7 further
validates the extracted parity-projected phase shifts against the same integral equation solutions, using a smooth
cutoff and scattering length a = −2.

Appendix B: Convergence test of RESOs

1. Convergence in boost

To verify the robustness of the RESO framework across varying interaction strengths, we study the convergence of
the extracted amplitude Mφb under changes in the scattering length a, while fixing the boost averaging truncation to a
large value, typically dmax = 70. This test allows us to determine whether the estimator remains stable across regimes
with weak to strong two-body binding, and whether the large-dmax limit leads to agreement with infinite-volume
predictions.

The figures in this appendix show the real and imaginary parts of the parity-projected amplitude M±
φb, extracted

using the RESO method for different values of the scattering length: a = −1.5, a = −2, and a = −2.5. In each case,
the RESO result is compared with the infinite-volume amplitude obtained from integral equations and the finite-
volume amplitude. All results are shown using the same high boost cutoff dmax = 70, 100, which includes a large
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parity and blue is the negative parity, both with boost average with a = −2.5. ϵ = 1

10mL3/2 . Each plot uses mL = 30 and
dmax = 150.
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FIG. 10. Different boosted amplitudes using finite epsilon compared with infinite-volume results in black. In red is the positive
parity and blue is the negative parity, both with boost average with a = −2. ϵ = 1

10mL3/2 . Each plot uses mL = 30 and
dmax = 70.

number of momentum frames in the averaging procedure.
Across the range of a, the extracted amplitudes consistently align with the infinite-volume predictions. Both the

real and imaginary parts of M±
φb show excellent agreement (e.g., a = −2, a = −2.5). This confirms that for large

enough dmax, the boost averaging procedure is sufficient to recover the correct physical amplitude without needing
explicit angular reconstruction. Larger boosts yield closer estimators, as expected.

Overall, these results indicate that once dmax is taken sufficiently large, the RESO framework provides accurate
scattering amplitudes across a wide range of physical parameters. The large-dmax limit effectively restores boost
invariance and yields stable predictions for observables, even in nontrivial three-body systems.
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FIG. 11. Different boosted amplitudes using finite epsilon compared with infinite-volume results in black. In red is the positive
parity and blue is the negative parity, both with boost average with a = −2. ϵ = 1

10mL3/2 . Each plot uses mL = 30 and
dmax = 150.
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FIG. 12. Different boosted amplitudes using finite epsilon compared with infinite-volume results in black. In red is the positive
parity and blue is the negative parity, both with boost average with a = −1.5. ϵ = 1

10mL3/2 . Each plot uses mL = 30 and
dmax = 70.
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FIG. 13. Different boosted amplitudes using finite epsilon compared with infinite-volume results in black. In red is the positive
parity and blue is the negative parity, both with boost average with a = −1.5. ϵ = 1

10mL3/2 . Each plot uses mL = 30 and
dmax = 150.

2. Convergence in ϵ

We study the value of our amplitudes and estimators at a fixed energy with different values of epsilon. It is clear
that as we employ a smaller ϵ we get closer to our amplitude but have greater oscillations.
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FIG. 14. Amplitudes at Efix = 3.6. Infinite-volume amplitude value is shown in black. In red is the positive parity and blue
is the negative parity, for varying ϵ/m. Each plot uses mL = 30 and dmax = 30.

FIG. 15. Caption

3. Dependence on ϵ and binning

For a given range of ϵ and a fixed energy value Efix, we define a bin with width w centered on that energy according
to the following prescription:

w = (
7

1013ϵ
)1/8 (B1)

We then compute Mϕb for all permissible energy values that fall within the interval defined by w, i.e. Efix ± w. As
illustrated in FIG. 10, the standard errors in Mϕb at Efix increase as the ratio ϵ/m decreases. However, this trend is
accompanied by an overall improvement in accuracy.

Appendix C

We consider the difference between the finite volume (FV) and infinite volume (IV) versions of the diagram in
Fig. 15, where P = (E,P ), k = (k0,k), and l = (l0, l) are 2-vectors in 1+1D Minkowski space, and the propagators
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have not been placed on shell. The resulting contribution to the diagram, called S, can be written as

S ≡ 1

3!


 1

L4

∑

l,k

−
ˆ
l,k


 1

l2 −m2

1

k2 −m2

1

(P − k − l)2 −m2
(C1)

≃ 1

3!

∑

n1,n2

ˆ
d2l

(2π)2
d2k

(2π)2
1

l2 −m2

1

k2 −m2

1

a2 −m2
ei(kn1+ln2)L, (C2)

where
´
k
≡
´

d2k
(2π)2 and a ≡ P − k − l. Using Feynman parameters, the above can be written as

S ≃ 2!

3!

ˆ
du1du2du3

∑

n1,n2

ˆ
d2k

(2π)2
d2l

(2π)2
δ(
∑3

i=1 ui − 1)ei(kn1+ln2)L

(u1l2 + u2k2 + u3a2 −m2)3
(C3)

Now we perform a Wick rotation on the vectors k and l such that k0 → ik0 and l0 → il0, resulting in a change of sign
of the mass term in the denominator.

S ≃ 2!

3!

ˆ
du1du2du3

∑

n1,n2

ˆ
d2k

(2π)2
d2l

(2π)2
δ(
∑3

i=1 ui − 1)e(−k0n1,0−l0n2,0−ikn1,1−iln2,1)L

(u1l2 + u2k2 + u3a2 +m2)3
. (C4)

In the above expression, the vectors k, l, n1, n2 are now implicitly Euclidean. We continue by using the Schwinger
parametrization,

1

Qj
=

1

Γ(j)

ˆ ∞

0

dλe−λQλj−1 (C5)

to write the expression as

S ≃ 2!

(3!)2

ˆ
du1du2du3

∑

n1,n2

ˆ
d2k

(2π)2
d2l

(2π)2

ˆ ∞

0

dλ λ2e−λ(u1l
2+u2k

2+u3a
2+m2)×

e(−k0n1,0−l0n2,0−ikn1,1−iln2,1)Lδ

(
3∑

i=1

ui − 1

)
.

(C6)

We can now evaluate the Gaussian integrals over k and l using
ˆ

dxe−Ax2+iBx =

√
π

A
e−

B2

4A . (C7)

Isolating the k0 and l0 dependence in the exponential, we haveˆ
dl0e

−λ(u1−u3)l
2
0+i[2λEu3+in2,0L]l0

ˆ
dk0e

−λ(u2−u3)k
2
0+i[λu3(2E−il0)+in1,0L]k0

=

√
π

λ(u2 − u3)

ˆ
dl0e

−λ(u1−u3)l
2
0+i[2λEu3+in2,0L]l0exp

(
− (λu3(2E − il0) + in1,0L)

2

4λ(u2 − u3)

)

=

√
π

λ(u2 − u3)
exp

[
−4λu3E(λu3E + in1,0L)− n2

1,0L
2

4λ(u2 − u3)

]ˆ
dl0e

−λ
(
u1−u3(1+

u3
4(u2−u3)

)
)
l20+i

(
2λEu3+in2,0L+

2λEu2
3+in1,0Lu3

2(u2−u3)

)
l0

=
π

λ
√
(u2 − u3)(u1 − u3(1 +

u3

4(u2−u3)
))
exp

[
− (2λu3E + in1,0L)

2

4λ(u2 − u3)

]
exp


−

(2λEu3 + in2,0L+
u3(2λEu3+in1,0L)

2(u2−u3)
)2

4λ(u1 − u3(1 +
u3

4(u2−u3)
))


 .

(C8)

Similarly, if we isolate the k and l, we findˆ
dl e−λ(u1−u3)l

2+i[2iλu3P−n2,1L]l

ˆ
dk e−λ(u2−u3)k

2+i[iλu3(2P−l)−n1,1L]k

=
π

λ
√
(u2 − u3)(u1 − u3(1 +

u3

4(u2−u3)
))
exp

[
(2λu3P + in1,1L)

2

4λ(u2 − u3)

]
exp


−

(2iλu3P − n2,1L+
u3(2iλu3P−n1,1L)

2(u2−u3)
)2

4λ(u1 − u3(1 +
u3

4(u2−u3)
))


 .

(C9)
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Putting it all together, the expression results in

S ≃
ˆ

du1du2du3

∑

n1,n2

ˆ ∞

0

dλ
δ
(∑3

i=1 ui − 1
)

72π2(4u1(u2 − u3) + u3(3u3 − 4u2))
×

exp

[
1

λ(4u1(u2 − u3) + u3(3u3 − 4u2))

(
L2
(
(n2

1,0 + n2
1,1)(u1 − u3) + (n2

2,0 − n2
2,1)(u2 − u3) + (n1,0n2,0 − n1,1n2,1)u3

)

− 2iLλu3 (En1,0(2u1 − u3) + En2,0(2u2 − u3) + P (−2n1,1u1 − 2n2,1u2 + n1,1u3 + n2,1u3))

+ λ2
(
m2(−4u1u2 + 4u1u3 + 4u2u3 − 3u2

3) + u3(E
2 − P 2)(−4u1u2 + u2

3)
))]

.

(C10)

After performing the integral over λ, we find that

S ≃
ˆ
du1du2du3

∑

n1,n2

(
−36π2(Am2 −B2)3/2

L
√
C

)
K1

(
2L
√

C(Am2 −B)

A5/2

)
×

exp

[
2iLu3E(n1,0(u3 − 2u1) + n2,0(u3 − 2u2))

A

]
exp

[
2iLu3P (2n1,1u1 + 2n2,1u2 − (n1,1 + n2,1)u3)

A

]
,

(C11)

where

A ≡ 4u1(u2 − u3) + u3(3u3 − 4u2) (C12)

B ≡ u3(E
2 − P 2)(u2

3 − 4u1u2) (C13)

C ≡ (n2
1,0 − n2

1,1)(u1 − u3) + (n2
2,0 − n2

2,1)(u2 − u3) + (n1,0n2,0 − n1,1n2,1)u3, (C14)

and K1(x) is a modified Bessel function of the second kind.
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