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Neutrinos in Supernova

• ~1046 joules, 1058 neutrinos in 
~10 seconds

• Dominate energetics  

• Influence nucleosynthesis

• Probe supernova physics

 + n → p + e-   νe
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nucleosynthesis

2n + 2p → α   

4He(αn,γ)9Be   
4He(αα,γ)12C   

…

seeds (A = 50 ~100)

n’s + seed → heavy (A=100 ~ 200)
r-process
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 + n ⇌ p + e-   νe

cooling
region



19
87
Ap
J.
..
32
2.
.7
95
F

19
87
Ap
J.
..
32
2.
.7
95
F

19
87
Ap
J.
..
32
2.
.7
95
F

19
87
Ap
J.
..
32
2.
.7
95
F



Some Early Works
• MSW-like refraction of the supernova neutrino medium (Fuller+ ’87, Nötzold & 

Raffelt ’88, Fuller+ ’92, Qian+ ’95, …)


• Flavor coherence term in the neutrino potential (Pantaleone ’92)


• Quantum kinetic equation for neutrino transport (Sigl & Raffelt ’93, Strack & 
Burrows ’05,…)


• Validity of the single-particle picture (Friedland & Lunardini ’03, Bell +’03, …)


• Bimodal neutrino oscillations with the inverted mass ordering (Kostelecký & 
Samuel ’93, …) 


• Synchronized flavor oscillation and implications (Pastor+ ’02, Dolgov ’02, 
Abazajian+ ’02, Pastor & Raffelt ’02, Balantekin & Yüksel ’05, …)



Neutrino Oscillations in Supernova
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Neutrino Oscillations in Supernova

Full Problem Bulb Model Single-Angle



Neutrino Flavor (Iso)Spin (NFIS)
Homogeneous and Isotropic Neutrino Gas

E < 0

[ ν̄x
−ν̄e] [νe

νx]
E > 0

ω = Δm2

2E

·sE = (ωB + μS) × sE S = ∑
E

n(E) sE

Total NFIS

·sE = (ω′ B + μS) × sE

rotating frame ω → ω′ 

Duan, Fuller & Qian (2005)

s = ψ† ( ̂σ
2 ) ψ



Matter “Doesn’t Matter”
Homogeneous and Isotropic Neutrino Gas

·sE = (ωB + λL + μS) × sE
S = ∑

E
n(E) sE

ω = Δm2

2E
λ = 2GFne

·sE ≈ (ωeffL + μS) × sE

rotating frame ωeff + λ → ωeff λ ≫ |ω |

Duan, Fuller & Qian (2005)



The 1st 
Bulb Model 
Calculation
two flavors, 
inverted mass 
ordering

Duan, Fuller, Carlson & Qian (2006)

ϑ0



Spectral 
Swaps /  
Splits
three flavors, 
single-angle, 
O-Ne-Mg 
progenitor, 
neutralization pulse 

atm. split solar split 
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Duan, Fuller, Carlson & Qian (2008)
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We develop a framework for studying collective three-flavor neutrino oscillations based on the
density matrix formalism. We show how techniques proven useful for collective two-flavor neu-
trino oscillations such as corotating frames can be applied readily to three-flavor mixing. Applying
two simple assumptions and the conservation of two “lepton numbers” we use this framework to
demonstrate how the adiabatic/precession solution emerges. We illustrate with a numerical exam-
ple how two stepwise spectral swaps appear naturally if the flavor evolution of the neutrino gas
can be described by such a solution. For the special case where mu and tau flavor neutrinos are
equally mixed and are produced with identical energy spectra and total numbers, we find that
one of the spectral swaps in the three-flavor scenario agrees with that in the two-flavor scenario
when appropriate mixing parameters are used. Using the corotating frame technique we show how
the adiabatic/precession solution can obtain even in the presence of a dominant ordinary matter
background. With this solution we can explain why neutrino spectral swapping can be sensitive to
deviations from maximal 23-mixing when the “mu-tau” matter term is significant.

PACS numbers: 14.60.Pq, 97.60.Bw

I. INTRODUCTION

It has long been recognized that, in addition to the
conventional Mikheyev-Smirnov-Wolfenstein (MSW) ef-
fect [? ? ? ], neutrino self-coupling can be important
for neutrino flavor evolution when neutrino number den-
sities are large [? ? ? ? ? ? ? ? ? ? ? ? ]. Recently
two-flavor neutrino oscillations in the core-collapse su-
pernova environment have been intensively investigated
[? ? ? ? ? ? ? ? ? ]. These studies show that su-
pernova neutrinos can indeed experience collective flavor
evolution because of neutrino self-coupling, even when
the neutrino self-coupling is subdominant compared to
the MSW potential [? ].

An important result is that collective two-flavor neu-
trino oscillations can exhibit “stepwise spectral swaps”
or “spectral splits” in the final neutrino energy spectra
when the neutrino number density slowly decreases from
a high value, where neutrinos experience synchronized
oscillations [? ], towards zero (see, e.g., Ref. [? ]). When
this occurs, ωe’s appear to swap their energy spectra with
ωx’s at energies below or above (depending on the neu-
trino mass hierarchy) a transition energy Es

2↑2
(where the

superscript “s” can stand either for “swapping point” or
“splitting point”). Here ωx is some linear combination
of ωµ and ωω . The phenomenon of spectral swapping is
present in both the “single-angle approximation”, where
flavor evolution along various neutrino trajectories is as-
sumed to be the same as that along a representative tra-
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jectory (e.g., the radial trajectory), and the “multi-angle
approximation”, where flavor evolution along di!erent
trajectories is independently followed [? ]. For the in-
verted neutrino mass hierarchy, it also has been found
that stepwise neutrino spectral swapping is essentially
independent of the 2 → 2 e!ective vacuum mixing angle
when this angle is small (see, e.g., Ref. [? ]).

Collective two-flavor neutrino oscillations are best un-
derstood with the help of neutrino flavor polarization
vectors [? ] or neutrino flavor isospins [? ]. Using
the spin analogy, one can represent the flavor content of
a neutrino mode by a spin vector in flavor isospace. In
this analogy, the matter e!ect is described as a spin-field
coupling, and the neutrino self-coupling is described as
spin-spin coupling. The phenomenon of spectral swap-
ping is a result of collective precession of all neutrino
flavor isospins with a common angular velocity ”pr at
any given neutrino number density [? ? ]. This collec-
tive precession of neutrino flavor isospins is described the
two-flavor adiabatic/precession solution [? ? ]. In this
solution, all neutrino flavor isospins stay aligned or an-
tialigned with a total e!ective field in a reference frame
that rotates with angular velocity ”pr. Numerical simu-
lations have shown that, in the supernova environment,
neutrinos can first experience collective MSW-like flavor
transformation (in which the MSW e!ect is enhanced by
neutrino self-coupling) and then subsequently the adia-
batic/precession solution [? ].

In the real world, however, there are three active neu-
trino flavors. Some limited progress has been made
on understanding collective three-flavor neutrino oscil-
lations. The first fully-coupled simulation of three-
flavor neutrino oscillations in the supernova environment
showed a spectral swapping phenomenon similar to the
two-flavor scenario except possibly with two swaps [? ].



Spectral Swaps / Splits

This behavior can be seen in Fig. 9(a). For the inverted
mass hierarchy (!m2 < 0), one has !< 0 [see the small
insets in Fig. 8(c) and 8(d)]. One finds that $ is always
positive for & !"e!E !"e", and will be roughly aligned with êf

z in
the end, as we see in Fig. 9(d). For &"e!E"e", one has$> 0

if E"e < EC, and $< 0 if E"e > EC. Therefore, the corre-
sponding &"ez!E"e" transitions from #1=2 to $1=2 as E"e
increases and crosses EC, as we see in Fig. 9(c).

The above reasoning is, however, based on an idealized
case. In reality, some NFIS’s of high energy may never be
locked into a collective bi-polar mode with other NFIS’s
under some conditions. Some NFIS’s of moderate energy
may start to peel away from the bi-polar mode in the region
where the matter potential A is comparable to ". In addi-
tion, some NFIS’s of high energy may go through the
conventional MSW conversion after the collective mode
breaks down. Our guess is that "e and !"e of energy E" >
EH in Fig. 9(a) and 9(d) have A * " when the collective
mode breaks down, and they are at least partially converted
through the MSW mechanism. The !"e with E" <EL in
Fig. 9(d) never enter the bi-polar mode, and are converted
to !"# through the MSW or synchronization mechanisms.
The !"e with energies between EL and EM may have com-
plicated flavor evolution histories which quite early cease
to follow the bi-polar mode.

Our argument becomes more accurate at high neutrino
luminosity. With larger L", more low-energy neutrinos and
antineutrinos join the bi-polar flavor transformation, and
more of them are locked into this collective mode until
A & ". As a result, the threshold energies EL and EM

decrease, and EH increases as L" goes up. This is indeed
the case as one can see from the comparison of the simu-
lations with L" % 1051 and 5& 1051 erg=s (Fig. 9).

We have assumed ! to be a constant in our idealized
analysis. This is not the case in reality. From Fig. 8 one sees
that j!j slowly decreases with radius. If L" is large enough,
neutrinos and antineutrinos will be in the bi-polar mode
even at values of radius where the matter potential A!r" is
negligible. We expect ! to be a function of !m2, $, f"!E""
and the local neutrino density neff

" !L"; r", but to be inde-
pendent of S, Ye, etc.. We note that neutrinos and antineu-
trinos start to deviate from the collective mode behavior at
some radius rC as ~& adiabatically rotates away from the
direction of %"

~!. Further, we note that the value of EC
should be determined from !!rC" using Eq. (55). One can
attempt to estimate rC ( & rBE) from Eqs. (48) and (49)
directly, resulting in the condition

 &!rBE" %
j!m2j

4
!!!
2
p
GF

1

neff
" !L"; rBE"hE"i

’ hE"i
2!E"

: (56)

The value of rBE derived from Eq. (56) is an overestimate
of rC. We have seen in Fig. 8 that collective flavor trans-
formation ceases at r * rBE. However, at r ’ rC, all the
NFIS’s begin to slightly deviate from alignment, but are
more or less still following the collective mode.
Nevertheless, we expect &!rC", like &!rBE", to be deter-
mined by f"!E"" only. As a result, neff

" !L"; rC", and thus
!!rC" and EC, are actually independent of L", if L" is large
enough.

 

FIG. 10 (color online). The toy scenario explaining the evolution of NFIS &. The NFIS & can be viewed as a ‘‘magnetic spin’’ which
is coupled with a constant field HV and a field ! rotating with angular frequency !. We actually consider here two ‘‘magnetic spin’’
couplings, one with‘‘magnetic moment’’%V and the other with%". The vector %"! rotates in the êv

x $ êv
y plane in the clockwise sense

when viewed from above, looking in the $êv
z direction. The ‘‘magnetic spin’’ & is aligned initially with the dominant field ! at time

t % 0 [panels (a) and (d)]. The problem is easily solved in the corotating frame where ! is not rotating. In this corotating frame, the
‘‘magnetic spin’’ & rotates around the effective field ~Heff % !%V $!"HV #%"! [panels (b) and (e)]. If ! slowly reduces its length to
zero, the angle between the spin & and the effective field ~Heff is constant (adiabatic process), and & ends up almost aligned with HV at
t % 1 if %V $!> 0 [panel (c)] or almost antialigned with HV if %V $!< 0 [panel (f)].

SIMULATION OF COHERENT NONLINEAR NEUTRINO . . . PHYSICAL REVIEW D 74, 105014 (2006)

105014-17

Duan, Fuller, Carlson & Qian (2006); Raffelt & Smirnov (2007)
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Our calculations reveal a collective neutrino flavor transformation phenomenon in supernovae
which is closely akin to spin waves in spin lattices. This “neutrino flavor spin wave”, a collective
neutrino oscillation mode, can arise in anisotropic neutrino gases because of a symmetry in the
equations which govern neutrino flavor evolution. Neutrino flavor transformation with neutrino
self-coupling in time-varying, inhomogeneous and anisotropic environments such as supernovae can
be described by such flavor spin waves when other non-collective neutrino oscillation modes add up
incoherently and average out. We show that the existence of neutrino flavor spin waves in anisotropic
environments can explain the stepwise spectral swap (spectral split) phenomenon found in numerical
simulations of neutrino flavor transformation in supernovae.

PACS numbers: 14.60.Pq, 97.60.Bw

I. INTRODUCTION

It is well known that neutrino flavor refractive indices
can be modified by neutrino forward scattering on or-
dinary matter [1] as well as by neutrino-neutrino for-
ward scattering [2, 3, 4, 5]. The former gives rise to
the Mikheyev-Smirnov-Wolfenstein (MSW) e↵ect in the
presence of ordinary matter [1, 6, 7], and the latter can
lead to collective neutrino oscillations in astrophysical en-
vironments with large neutrino number densities such as
the early universe (e.g., Refs. [8, 9, 10, 11]).

Neutrinos can also experience collective flavor trans-
formation in core-collapse supernovae. Unlike the early
universe, the supernova environment is highly inhomoge-
neous and anisotropic because all neutrinos are emitted
from a proto-neutron star at the center of the supernova.
All early studies adopted the so-called “single-angle ap-
proximation” [2, 4, 12, 13, 14, 15, 16]. In this approxima-
tion, the flavor evolution histories of all neutrinos with
energy E are taken to be the same as those of neutri-
nos with the same energy E but propagating along a
“representative” trajectory, usually taken to be the ra-
dial trajectory. Apart from an angle-averaged, e↵ective
neutrino number density, this approximation essentially
treats supernova neutrinos as homogeneous and isotropic
neutrino gases.

Single-angle approximation-based arguments have
been employed to show that large-scale collective neu-
trino oscillations could occur in the dense supernova en-
vironment despite the small measured neutrino mass-
squared di↵erences [16, 17]. Detailed single-angle nu-
merical simulations [18, 19, 20, 21] reveal that collec-
tive neutrino oscillations can leave a unique “fossil” im-
print on the energy spectra of supernova neutrinos, the
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so-called “stepwise spectral swapping” or the “spectral
split”. Both refer to the same phenomenon: neutrinos
of di↵erent flavors (partly) swap their energy spectra
during collective flavor transformation in a manner such
that the final neutrino energy spectra exhibit sharp step-
like structures. Stepwise spectral swapping in the single-
angle approximation has been understood as the result of
the “collective precession mode” of neutrino oscillations
[18, 22]. This collective mode corresponds to an adia-
batic solution to the neutrino flavor evolution equations
[23, 24, 25].

Simulations of supernova neutrino flavor transforma-
tion with a “multi-angle” treatment have been carried
out recently [18, 19, 20]. Compared to the single-angle
approximation, this multi-angle treatment more accu-
rately models the anisotropic nature of the supernova
environment by simultaneously following the flavor evo-
lution histories of neutrinos propagating along various
trajectories. These multi-angle calculations render re-
sults which are qualitatively similar to those in the single-
angle calculations. In particular, the final neutrino en-
ergy spectra in multi-angle calculations also exhibit step-
like structures.

Since the discovery of the stepwise spectral swapping
phenomenon, a series of papers have discussed collec-
tive neutrino flavor transformation and its consequences
[20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35,
36, 37, 38, 39, 40]. However, the stepwise spectral phe-
nomenon in multi-angle simulations is still unexplained
and the robustness of this phenomenon in real supernova
environments is yet to be confirmed. In fact, it has been
shown that collective neutrino oscillations of the bipo-
lar type can experience “kinematic de-coherence” and be
disrupted in anisotropic environments [27]. Additionally,
a large matter background can result in neutrino oscil-
lation phase di↵erences between di↵erent neutrino tra-
jectories in an anisotropic neutrino gas [13], and this ef-
fect recently has been shown to result in suppression of
collective neutrino oscillations [39]. These result point
up the inadequacy of the single-angle approximation in
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Martin, Yi & Duan (2020)

Flavor 
Oscillation 
Wave
two flavors, 
1D axisymmetric



What about quantum 
entanglement?



Once-In-a-Lifetime Encounter (OILE) Model

• Only two (or a few) neutrinos interact at each time.


• Each interaction has finite duration .


• None of the neutrinos that participate in the interaction will see each other 
again.

Δt



Once-In-a-Lifetime Encounter (OILE) Model

̂ρbefore
12 = ̂ρbefore

1 ⊗ ̂ρbefore
2

Ĥνν = 2GF
V

(1− ⃗v1 ⋅ ⃗v2) ∑
i=1,2,3

̂σi ⊗ ̂σi

̂ρafter
12 = e−iĤΔt ̂ρbefore

12 eiĤΔt

̂ρafter
2 = tr1( ̂ρafter

12 )

̂ρafter
1 = tr2( ̂ρafter

12 )



OILE Model
Constant Background
• A neutrino passing through a uniform 

background medium with one encounter 
at each step of duration .


•  or 
, and  or
.


•  and .


• Refraction induced by distinct short  
scatterings.

Δt

|ψbg⟩ = ( |νe⟩ + |νx⟩)/ 2
Pbg = (1,0,0) |ψ(0)⟩ = |νe⟩
P(0) = (0,0,1)

μ = 2GF nbg γ = μΔt

νν
μt

P 1
P 2

P 3

|νe⟩

|νx⟩

e2

e1

e3

P

Kost, Johns & Duan (2024)



OILE Model
Random Encounter

μt

⟨P
1⟩

⟨P
3⟩

⟨P
2⟩

Ensemble

• 60  with  and 40  with 
 at , all with random .


• Flavor equilibration, i.e. , at 
.


• Regular precession at intermediate 
time.

νe ω1 = 0.1μ νx
ω2 = 0.2μ t = 0 ⃗v

P → ⟨P⟩
t ≫ 1/γμ

Kost, Johns & Duan (2024)



Summary and Outlook
• Neutrinos can experience collective flavor transformation in super dense 

environments.


• A “stellar” collective phenomenon with important consequences.


• A very rich phenomenon: spectral swaps/splits, flavor oscillation waves, …


• It is possible to incorporate neutrino oscillations into astrophysical simulations 
if flavor equilibration is reached as a result of


• the chaotic flavor evolution induced by the non-integrable neutrino-neutrino 
scattering Hamiltonian at the many-body level, or


• the fast oscillations at the mean-field level.


