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<latexit sha1_base64="pSyiQqVLD7uJvFLIzZxJJFm9s30=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwISWRqt0IRRd1WaEvaGKYTCft0MkkzEyEEvIdbvwVNy4UcSdu/BunD1BbDwwczjmXO/f4MaNSWdaXkVtaXlldy68XNja3tnfM3b2WjBKBSRNHLBIdH0nCKCdNRRUjnVgQFPqMtP3h9dhv3xMhacQbahQTN0R9TgOKkdKSZ9o1L3XCBDo8yeAldAKBcFqBTkxhDWYpvitn0DmBjZ+UZxatkjUBXCT2jBTBDHXP/HB6EU5CwhVmSMqubcXKTZFQFDOSFZxEkhjhIeqTrqYchUS66eS0DB5ppQeDSOjHFZyovydSFEo5Cn2dDJEayHlvLP7ndRMVVNyU8jhRhOPpoiBhUEVw3BPsUUGwYiNNEBZU/xXiAdLtKN1mQZdgz5+8SFqnJfu8dHZbLlavZnXkwQE4BMfABhegCm5AHTQBBg/gCbyAV+PReDbejPdpNGfMZvbBHxif341In1g=</latexit>

Gµ⌫ =
8⇡G

c4
Tµ⌫Solving Einstein’s Equations



Decoding the Data

<latexit sha1_base64="dEc4SW8cTfYDEJj1yzFHArtvzi8=">AAAB83icbVDLSgMxFM34rOOr6tJNsAiuyozgYyMW3bisYh/QGUomzbShmSQkGaUM/Q03LhR163e4dyP+jZm2C209cOFwzr3ce08kGdXG876dufmFxaXlwoq7ura+sVnc2q5rkSpMalgwoZoR0oRRTmqGGkaaUhGURIw0ov5l7jfuiNJU8FszkCRMUJfTmGJkrBQEN7TbM0gpce+2iyWv7I0AZ4k/IaXzD/dMvn651XbxM+gInCaEG8yQ1i3fkybMkDIUMzJ0g1QTiXAfdUnLUo4SosNsdPMQ7lulA2OhbHEDR+rviQwlWg+SyHYmyPT0tJeL/3mt1MSnYUa5TA3heLwoThk0AuYBwA5VBBs2sARhRe2tEPeQQtjYmPIQ/OmXZ0n9sOwfl4+uvVLlAoxRALtgDxwAH5yACrgCVVADGEjwAJ7As5M6j86L8zZunXMmMzvgD5z3HyyWlMg=</latexit>)



Part 1. Solving Einstein’s Equations



<latexit sha1_base64="pSyiQqVLD7uJvFLIzZxJJFm9s30=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwISWRqt0IRRd1WaEvaGKYTCft0MkkzEyEEvIdbvwVNy4UcSdu/BunD1BbDwwczjmXO/f4MaNSWdaXkVtaXlldy68XNja3tnfM3b2WjBKBSRNHLBIdH0nCKCdNRRUjnVgQFPqMtP3h9dhv3xMhacQbahQTN0R9TgOKkdKSZ9o1L3XCBDo8yeAldAKBcFqBTkxhDWYpvitn0DmBjZ+UZxatkjUBXCT2jBTBDHXP/HB6EU5CwhVmSMqubcXKTZFQFDOSFZxEkhjhIeqTrqYchUS66eS0DB5ppQeDSOjHFZyovydSFEo5Cn2dDJEayHlvLP7ndRMVVNyU8jhRhOPpoiBhUEVw3BPsUUGwYiNNEBZU/xXiAdLtKN1mQZdgz5+8SFqnJfu8dHZbLlavZnXkwQE4BMfABhegCm5AHTQBBg/gCbyAV+PReDbejPdpNGfMZvbBHxif341In1g=</latexit>

Gµ⌫ =
8⇡G

c4
Tµ⌫Solving Einstein’s Equations

Post-Minkowski Expansion

Post-Newtonian Expansion

Black Hole Perturbation/Self Force

Numerical Relativity

<latexit sha1_base64="EzJaCzDUfcLkxFvKjI3CSwS/ZNE="></latexit>

G ⌧ 1 (really U =
GM

c2R
⌧ 1)

<latexit sha1_base64="QP6bkoChFlzUxi9UyvNdf1b5mnI=">AAAB+3icbVC7SgNBFL0bXzG+1liI2AwGwSrsCmrKoI1lBPOAZAmzk9lkyOyDmdlgWPZXbCwUsfU/xE4bWz/D2SSFJh64cDjnXu69x404k8qyPozc0vLK6lp+vbCxubW9Y+4WGzKMBaF1EvJQtFwsKWcBrSumOG1FgmLf5bTpDq8yvzmiQrIwuFXjiDo+7gfMYwQrLXXNYscTmCSjNCEp6nCO7ELXLFllawK0SOwZKVUrX2/7n98Hta753umFJPZpoAjHUrZtK1JOgoVihNO00IkljTAZ4j5taxpgn0onmdyeomOt9JAXCl2BQhP190SCfSnHvqs7fawGct7LxP+8dqy8ipOwIIoVDch0kRdzpEKUBYF6TFCi+FgTTATTtyIywDoMpePKQrDnX14kjdOyfV4+u9FpXMIUeTiEIzgBGy6gCtdQgzoQuIN7eIQnIzUejGfjZdqaM2Yze/AHxusPokSX7g==</latexit>v

c
⌧ 1

<latexit sha1_base64="1QpFULCYS7Au0W0a+cPzOfFplKQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmKr41SFURcVbCt0IQymU7aoZNJnJkIJQTc+A3+gRsXigiu/Al3/o2TtgttPXAvh3PuZeYeL2JUKsv6NnJT0zOzc/n5wsLi0vKKubpWl2EsMKnhkIXixkOSMMpJTVHFyE0kCAo8Rhpe7yzzG3dESBrya9WPiBugDqc+xUhpqWVu3MIj6PgC4SRolVPd7BQ6jEG70DKLVskaAE4Se0SKlePz3cePk8tqy/xy2iGOA8IVZkjKpm1Fyk2QUBQzkhacWJII4R7qkKamHAVEusnghhRua6UN/VDo4goO1N8bCQqk7AeengyQ6spxLxP/85qx8g/dhPIoVoTj4UN+zKAKYRYIbFNBsGJ9TRAWVP8V4i7SgSgdWxaCPX7yJKmXS/Z+ae9Kp3EKhsiDTbAFdoANDkAFXIAqqAEM7sETeAGvxoPxbLwZ78PRnDHaWQd/YHz+AGOJmQY=</latexit>

q =
m2

m1
⌧ 1

<latexit sha1_base64="wiIF/9X03o/+EzC53blQFLyR79g="></latexit>

@g

@x
⇡ g(x+ ✏)� g(x)

✏



Post-Newtonian Expansion

For gravitationally bound systems
<latexit sha1_base64="9HRByIXrXoTrbxXs/0tT8YBh8c8=">AAAB/3icbVDLSgMxFM34rPU1KijiJlgEV2WmoHZZdOOygtMW2rFk0kwbmmSGJFMoYxf+ihsXirj1L8Sdbtz6GaaPhbYeuJfDOfeSmxPEjCrtOB/W3PzC4tJyZiW7ura+sWlvbVdUlEhMPByxSNYCpAijgniaakZqsSSIB4xUg+7F0K/2iFQ0Ete6HxOfo7agIcVIG6lp73qwoSiHjVAinPZuCoMUm9a0c07eGQHOEndCcqXi19ve5/d+uWm/N1oRTjgRGjOkVN11Yu2nSGqKGRlkG4kiMcJd1CZ1QwXiRPnp6P4BPDJKC4aRNCU0HKm/N1LElerzwExypDtq2huK/3n1RIdFP6UiTjQRePxQmDCoIzgMA7aoJFizviEIS2puhbiDTBLaRJY1IbjTX54llULePc2fXJk0zsEYGXAADsExcMEZKIFLUAYewOAW3INH8GTdWQ/Ws/UyHp2zJjs74A+s1x/SF5nB</latexit>

U ⇠ v2

c2
PM = PN<latexit sha1_base64="WkHEAMC4xf0rdASQS1XWly702uU=">AAAB8nicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZwctGLLpxWcVeYDqUTJppQzPJkJxRSuljuHGhSLe+h3s34tuYXhZa/SHw8f/nkHNOlApuwPO+nNzC4tLySn7VXVvf2NwqbO/UjMo0ZVWqhNKNiBgmuGRV4CBYI9WMJJFg9ah3Nc7r90wbruQd9FMWJqQjecwpAWsFzVve6QLRWj20CkWv5E2E/4I/g+LFu3uejj7dSqvw0WwrmiVMAhXEmMD3UggHRAOngg3dZmZYSmiPdFhgUZKEmXAwGXmID6zTxrHS9knAE/dnx4AkxvSTyFYmBLpmPhub/2VBBvFZOOAyzYBJOv0ozgQGhcf74zbXjILoWyBUczsrpl2iCQV7JdcewZ9f+S/Ujkr+Sen4xiuWL9FUebSH9tEh8tEpKqNrVEFVRJFCj+gZvTjgPDmvzmhamnNmPbvol5y3b/PilLQ=</latexit>)

Modern treatments of PN theory use the PM formalism since it avoids ambiguities related to retardation 

Several different approaches, DIRE, Matched Asymptotic Expansions, EFT

<latexit sha1_base64="yLnYIk9I6Awaao/65RrKgN18imI="></latexit>

g↵� =
p
�g g↵�

<latexit sha1_base64="bZV6nAv0eC77LsDxvlwNJUn4eeg=">AAACK3icbVC7SgNBFJ31GeMraqnIYBBsDLuCj0YIsbFMwDwgu4a7k9lkyOyDmVkhLCn9Fxv7fIWFFj6wtfInnE1SaOKBYQ7n3Mu997gRZ1KZ5rsxN7+wuLScWcmurq1vbOa2tmsyjAWhVRLyUDRckJSzgFYVU5w2IkHBdzmtu72r1K/fUSFZGNyofkQdHzoB8xgBpaVWrtS9TWzgURdslyoY4Ets639KPMa2D6rrCeglncGU2crlzYI5Ap4l1oTki3vDyvf9/rDcyj3b7ZDEPg0U4SBl0zIj5SQgFCOcDrJ2LGkEpAcd2tQ0AJ9KJxndOsCHWmljLxT6BQqP1N8dCfhS9n1XV6Yry2kvFf/zmrHyLpyEBVGsaEDGg7yYYxXiNDjcZoISxfuaABFM74pJFwQQpePN6hCs6ZNnSe2kYJ0VTis6jRIaI4N20QE6QhY6R0V0jcqoigh6QE/oFb0Zj8aL8WF8jkvnjEnPDvoD4+sHUjKsEQ==</latexit>

h↵� = ⌘↵� � g↵�Defining where

Einstein’s Equations become
<latexit sha1_base64="YU1AenlbEr+AUDEsVRGsX5XqytI="></latexit>

⇤h↵� = �16⇡G

c4
⌧↵�

<latexit sha1_base64="XjNvaP2Cae3dYEwNgMvZ7TypJTY=">AAACC3icbVC7SgNBFJ2Nr5j4WLW0GRIFq7Ar+GiEoI1lBPOAbFzuTmaTIbMPZmYDYUlv46/YCCpiJ/6AnR+itZNHoYkHBs49517u3OPFnEllWZ9GZmFxaXklu5rLr61vbJpb2zUZJYLQKol4JBoeSMpZSKuKKU4bsaAQeJzWvd7FyK/3qZAsCq/VIKatADoh8xkBpSXXLDgxCMWAu45HFeDuTeoAj7swLof4DFuuWbRK1hh4nthTUizvfT2+9fPfFdf8cNoRSQIaKsJByqZtxaqVjvYQToc5J5E0BtKDDm1qGkJAZSsd3zLE+1ppYz8S+oUKj9XfEykEUg4CT3cGoLpy1huJ/3nNRPmnrZSFcaJoSCaL/IRjFeFRMLjNBCWKDzQBIpj+KyZdEECUji+nQ7BnT54ntcOSfVw6utJpnKMJsmgXFdABstEJKqNLVEFVRNAtukdP6Nm4Mx6MF+N10poxpjM76A+M9x8LJ57T</latexit>

@�h
↵� = 0

<latexit sha1_base64="JLshwWQZuFdLcYKSqLqyNiXq6Qs="></latexit>

⌧↵� = �g(T↵� + t↵�
LL

+ t↵�
H

)where Both 
<latexit sha1_base64="nREoFIBHq84LOtY7gMFXKPSW/j4=">AAACG3icbVC7SgNBFJ01PuNr1dJmMAgWEnYFH6VokyJFBPOAbAx3JxMzOPtg5q4Qli39Bxtr/8LGQhErwUIs/REnj8JHDlw4nHMv997jx1JodJwPayo3PTM7N7+QX1xaXlm119ZrOkoU41UWyUg1fNBcipBXUaDkjVhxCHzJ6/7V6cCvX3OlRRSeYz/mrQAuQ9EVDNBIbXsPL1IPZNwDz+cIWTv1VEDL5WyXTnRKGW3bBafoDEH/E3dMCsfbNzn36/6z0rbfvE7EkoCHyCRo3XSdGFspKBRM8izvJZrHwK7gkjcNDSHgupUOf8votlE6tBspUyHSofpzIoVA637gm84AsKf/egNxktdMsHvUSkUYJ8hDNlrUTSTFiA6Coh2hOEPZNwSYEuZWynqggKGJM29CcP++/J/U9oruQXH/zKRxQkaYJ5tki+wQlxySY1IiFVIljNySB/JEnq0769F6sV5HrVPWeGaD/IL1/g0beaUg</latexit>

t↵�
LL

, t↵�
H

are quadratic and higher in  
<latexit sha1_base64="wYJATYRLPF+zar20Nqqji4dmkbQ=">AAAB+HicbVDJSgNBEO2JWxyXjHr00hgET2FGcLmIQS8eI5gFMmOo6fRkmvQsdPcIcciXeBFUxKs/4d2L+Dd2loMmPih4vFdFVT0/5Uwq2/42CguLS8srxVVzbX1js2RtbTdkkglC6yThiWj5IClnMa0rpjhtpYJC5HPa9PuXI795R4VkSXyjBin1IujFLGAElJY6Vim8zV3gaQiuTxUMO1bZrthj4HniTEn5/MM8S5++zFrH+nS7CckiGivCQcq2Y6fKy0EoRjgdmm4maQqkDz3a1jSGiEovHx8+xPta6eIgEbpihcfq74kcIikHka87I1ChnPVG4n9eO1PBqZezOM0UjclkUZBxrBI8SgF3maBE8YEmQATTt2ISggCidFamDsGZfXmeNA4rznHl6NouVy/QBEW0i/bQAXLQCaqiK1RDdURQhh7QM3ox7o1H49V4m7QWjOnMDvoD4/0Hd0WWoA==</latexit>

h↵�



Post-Newtonian Expansion

<latexit sha1_base64="YU1AenlbEr+AUDEsVRGsX5XqytI="></latexit>

⇤h↵� = �16⇡G

c4
⌧↵�

<latexit sha1_base64="XjNvaP2Cae3dYEwNgMvZ7TypJTY=">AAACC3icbVC7SgNBFJ2Nr5j4WLW0GRIFq7Ar+GiEoI1lBPOAbFzuTmaTIbMPZmYDYUlv46/YCCpiJ/6AnR+itZNHoYkHBs49517u3OPFnEllWZ9GZmFxaXklu5rLr61vbJpb2zUZJYLQKol4JBoeSMpZSKuKKU4bsaAQeJzWvd7FyK/3qZAsCq/VIKatADoh8xkBpSXXLDgxCMWAu45HFeDuTeoAj7swLof4DFuuWbRK1hh4nthTUizvfT2+9fPfFdf8cNoRSQIaKsJByqZtxaqVjvYQToc5J5E0BtKDDm1qGkJAZSsd3zLE+1ppYz8S+oUKj9XfEykEUg4CT3cGoLpy1huJ/3nNRPmnrZSFcaJoSCaL/IRjFeFRMLjNBCWKDzQBIpj+KyZdEECUji+nQ7BnT54ntcOSfVw6utJpnKMJsmgXFdABstEJKqNLVEFVRNAtukdP6Nm4Mx6MF+N10poxpjM76A+M9x8LJ57T</latexit>

@�h
↵� = 0

Formal solution

<latexit sha1_base64="N79942EWH7eWqbLfD+DzjDszV6A="></latexit>

h↵�(x) =
4G

c4

Z
�(ct� ct0 � |x� x0|)⌧↵�(x0)

|x� x0| d4x0

Lends itself to a perturbative solution in powers of . hn Leading order is just like E&M. Jackson revisited. 

Higher orders are trickier because the source is then non-compact.



Post-Newtonian Expansion

<latexit sha1_base64="N79942EWH7eWqbLfD+DzjDszV6A="></latexit>

h↵�(x) =
4G

c4

Z
�(ct� ct0 � |x� x0|)⌧↵�(x0)

|x� x0| d4x0

<latexit sha1_base64="WkHEAMC4xf0rdASQS1XWly702uU=">AAAB8nicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZwctGLLpxWcVeYDqUTJppQzPJkJxRSuljuHGhSLe+h3s34tuYXhZa/SHw8f/nkHNOlApuwPO+nNzC4tLySn7VXVvf2NwqbO/UjMo0ZVWqhNKNiBgmuGRV4CBYI9WMJJFg9ah3Nc7r90wbruQd9FMWJqQjecwpAWsFzVve6QLRWj20CkWv5E2E/4I/g+LFu3uejj7dSqvw0WwrmiVMAhXEmMD3UggHRAOngg3dZmZYSmiPdFhgUZKEmXAwGXmID6zTxrHS9knAE/dnx4AkxvSTyFYmBLpmPhub/2VBBvFZOOAyzYBJOv0ozgQGhcf74zbXjILoWyBUczsrpl2iCQV7JdcewZ9f+S/Ujkr+Sen4xiuWL9FUebSH9tEh8tEpKqNrVEFVRJFCj+gZvTjgPDmvzmhamnNmPbvol5y3b/PilLQ=</latexit>)



Post-Newtonian Expansion

<latexit sha1_base64="N79942EWH7eWqbLfD+DzjDszV6A="></latexit>

h↵�(x) =
4G

c4

Z
�(ct� ct0 � |x� x0|)⌧↵�(x0)

|x� x0| d4x0

First iteration yields the solution

<latexit sha1_base64="gGvmuqzW4yic3jnqs+fx9HoPIJ8="></latexit>

u(t,x) = G

Z
⇢(t,x0)

|x� x0| d
3x0

<latexit sha1_base64="3/GH9HA3Ar1JLao9gj+l7X2x4RI="></latexit>

uj(t,x) = G

Z
⇢(t,x0)vj(t,x0)

|x� x0| d3x0

<latexit sha1_base64="CHBa1482f+21stCSmaeY7Z3zlxA="></latexit>

) g00 = �1 +
2u

c2
, g0j = �4uj

c3
, gjk = �jk

✓
1 +

2u

c2

◆

<latexit sha1_base64="Il7lm/MN1pnIQx2RXgL+O+dghAU=">AAACAXicbVDJSgNBEK1xjXEb9aDipTEInsJMcMlFCHrxGMEskI2eTk/SpGehu0cIw3jxV7x4UMSrPyHe9OLVz7CzHDTxQcHjvSqq6jkhZ1JZ1ocxMzs3v7CYWkovr6yurZsbm2UZRILQEgl4IKoOlpQzn5YUU5xWQ0Gx53BacXoXA79yQ4VkgX+t+iFteLjjM5cRrLTUMne6zdiyEnSG6q7AJD5CURKTZi5pmRkraw2Bpok9JplC/utt+/N7t9gy3+vtgEQe9RXhWMqabYWqEWOhGOE0SdcjSUNMerhDa5r62KOyEQ8/SNCBVtrIDYQuX6Gh+nsixp6Ufc/RnR5WXTnpDcT/vFqk3HwjZn4YKeqT0SI34kgFaBAHajNBieJ9TTARTN+KSBfrJJQOLa1DsCdfniblXNY+yR5f6TTOYYQU7ME+HIINp1CASyhCCQjcwj08wpNxZzwYz8bLqHXGGM9swR8Yrz9cQ5n5</latexit>

h00 =
4u

c2
<latexit sha1_base64="k21qQZPb7foouLCd+5JZHF2yLQE=">AAACA3icbVC7SgNBFJ2NrxhfqxaiNoNBsAq7wUcaIWhjGcE8INmE2clsMsns7DIzK4RlwcZfsbFQxNZ/EDttbP0MJ49CowcuHM65l3vvcUNGpbKsdyM1Mzs3v5BezCwtr6yumesbFRlEApMyDlggai6ShFFOyooqRmqhIMh3Gam6/fOhX70mQtKAX6lBSBwfdTj1KEZKSy1zp9uMrV4CT2HDEwjHhzBq9pIYN/NJy8xaOWsE+JfYE5ItFj5ftz6+tkst863RDnDkE64wQ1LWbStUToyEopiRJNOIJAkR7qMOqWvKkU+kE49+SOC+VtrQC4QuruBI/TkRI1/Kge/qTh+prpz2huJ/Xj1SXsGJKQ8jRTgeL/IiBlUAh4HANhUEKzbQBGFB9a0Qd5HOQunYMjoEe/rlv6SSz9nHuaNLncYZGCMNdsEeOAA2OAFFcAFKoAwwuAF34AE8GrfGvfFkPI9bU8ZkZhP8gvHyDUNLmw8=</latexit>

h0j =
4uj

c2

<latexit sha1_base64="i42nKpQxvXc4+XlkiJQgaqjxFug=">AAAB8XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmBKubYtGNywr2gu1YMmmmjc1khiQjlKFv4caFIrr0Qdy7Ed/G9LLQ1h8CH/9/Djnn+DFnSjvOt5VZWFxaXsmu2mvrG5tbue2dmooSSWiVRDySDR8rypmgVc00p41YUhz6nNb9/sUor99TqVgkrvUgpl6Iu4IFjGBtrJvebXrXH6ISctq5vFNwxkLz4E4hf/Zhl+K3L7vSzn22OhFJQio04VippuvE2kux1IxwOrRbiaIxJn3cpU2DAodUeel44iE6ME4HBZE0T2g0dn93pDhUahD6pjLEuqdms5H5X9ZMdHDqpUzEiaaCTD4KEo50hEbrow6TlGg+MICJZGZWRHpYYqLNkWxzBHd25XmoHRXcYuH4ysmXz2GiLOzBPhyCCydQhkuoQBUICHiAJ3i2lPVovVivk9KMNe3ZhT+y3n8A3jyTZQ==</latexit>

hjk = 0



Post-Newtonian Expansion

<latexit sha1_base64="N79942EWH7eWqbLfD+DzjDszV6A="></latexit>

h↵�(x) =
4G

c4

Z
�(ct� ct0 � |x� x0|)⌧↵�(x0)

|x� x0| d4x0

Second iteration is sourced by the first. Already the full solution gets a bit messy, with corrections to the metric in the near 
and wave zone. In the far away wave zone the solution is

<latexit sha1_base64="I1/+SQlSyTtgbLY/tNsmniFKIok="></latexit>

Ijk(t� r/c) =

Z
⇢⇤(t0, x0)x0jx0k d3x0Mass quadrupole

These expressions are fully general. Can be used for supernova explosions, binary mergers etc

At this stage we have not yet imposed the gauge condition 
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Post-Newtonian Expansion

Imposing the gauge condition 
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P jkPlmWhere we have the TT gauge projection tensor with

The projection tensor ensures that the radiation is transverse and traceless
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Post-Newtonian Expansion

a = aN + aPN + aSO + a2PN + aSS + aRR + . . .
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�3

2
⌘(3� 4⌘)v2ṙ2 � 1
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Near zone metric modified - modifies the dynamics. For example, for binary systems



Post-Newtonian Expansion

a = aN + aPN + aSO + a2PN + aSS + aRR + . . .

0 PN 1 PN 1.5 PN 2 PN 2 PN 2.5 PN

Now heroically continued to 4 PN order by Luc Blanchet’s group: [Marchand, Bernard, Blanchet & Faye, arXiv:1707.09289  (2017)]
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Post-Newtonian Expansion
We also have equations for the spin and 
orbital angular momentum evolution at 2PN:
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At 2 PN order the dynamics is conservative: J = L+ S = constant
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Exact solution for circular binary: [Kesden, Gerosa, O'Shaughnessy, Berti, Sperhake, Phys. Rev. Lett. 114, 081103 (2015)]
[Chatziioannou, Klein, Yunes, Cornish, Phys. Rev. Lett. 118, 051101 (2017)]



Spin precession
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Circular Newtonian Binary

xCOM =
m1x1 +m2x2

M
x = x1 � x2 = r n̂

x = �r sin(!t) î+ r cos(!t) ĵ

!2r3 = M

Circular orbit in x-y plane

d2x

dt2
= �M

r2
n̂



Circular Newtonian Binary
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r sin(!t) î� r cos(!t) ĵ
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Location of masses 
in COM frame:

Mass quadrupole Mass density
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Circular Newtonian Binary
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Ïyy

<latexit sha1_base64="kHhALFxc76BmoaQBMw9D7ae95oQ="></latexit>

hTT
ij (t,x) =

2

r
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Quasi-Circular Binary, Leading Order

huu = �hvv = h+ =
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rR

�
1 + cos2 ✓
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huv = h⇥ =
4µM
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For a binary with a general orientation of the orbital plane
L̂

huu = �hvv = cos(2 )h+ + sin(2 )h⇥

huv = � sin(2 )h+ + cos(2 )h⇥

h+ =
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tan ψ =
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k̂ ⋅ (L̂ × ̂z)



Quasi-Circular Binary, Leading Order

h+ =
2µM

rR
(1 + cos2 ◆) cos(2!t) h⇥ =

4µM

rR
cos ◆ sin(2!t)

!2r3 = MUsing we can eliminate the orbital radius r

Chirp mass: M =
(m1m2)3/5

M1/5
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Energy Emission: Quasi-Circular Binary
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Quasi-Circular Binary,  Phase Evolution

) !̇ =
96

5
M5/3!11/3 )

Z
d!

!
11
3

=
96

5
M5/3

Z
dt

) !(t) =
1

M

✓
5M

256(tc � t)

◆3/8

�(t) =

Z
2!(t) dt = �c �

1

16

✓
256(tc � t)

5M

◆5/8



Quasi-Circular Binary,  Phase Evolution
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Gravitational Wave Chirp
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Geodesic Deviation
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Stationary Phase Approximation
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Stationary Phase Approximation
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Can do a decent analysis of binary 
neutron star signals with this waveform



Quasi-Elliptic Binary, Leading Order
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The waveforms depend on the first, second and third harmonics of the orbital phase, which itself is not simple harmonic: 
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End result are waveforms with power spread over many harmonics



Quasi-Elliptic Binary, Leading Order

Note: No radiation reaction included here

0 PN

1 PN

www.soundsofspacetime.org



Quasi-Elliptic Binary, Leading Order

Note: No radiation reaction included here

0 PN

1 PN
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Quasi-Elliptic Binary, Radiation Reaction
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Quasi-Elliptic Binary, Radiation Reaction
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General Binary,  Higher Orders
A variety of calculations techniques have been used to extend the waveforms to higher PN order: DIRE, matched asymptotic expansions, EFT…
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M

r
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Quasi-Circular Binary,  Higher Orders

Energy:

Energy Flux:

E = �1

2

µM

r

(
1� 1

4
(7� ⌘)

✓
M

r

◆
+

X

i=1,2


�i(L̂N · ŝi)(2
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Quasi-Circular Binary,  Orbital Decay

Corrected Kepler: !2r3 = M
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Quasi-Circular Binary,  Orbital Decay
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Quasi-Circular Binary,  Spin Precession



Quasi-Circular Binary,  Spin Precession
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Beyond Post Newtonian



Numerical Relativity
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Numerical Relativity



Effective One-body

Re-summation of the PN expansion attached to quasi-normal modes of a perturbed black hole



Self-force, EMRI

MiSaTaQuWa Equation
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Detweiler-Whiting Equation

[Review: A. Pound, Equations of Motion in Relativistic Gravity (Book),  399 - 486, Springer]   



Self-force, EMRI



Physics and Sources of Gravitational Waves 

Neil J. Cornish
48



Part 2. Gravitational Wave Sources



Ingredients:  
• Large amount of mass/energy  

(any type will do). 
 
 

Directions: 
• Squish into a small, lumpy blob. 

(two blobs work better) 
 

• Shake or stir vigorously.

Recipe for Making Gravitational Waves







Stellar remnant binaries - formation channels for BHBs

Field Cluster Disk
Circular, low, aligned spins? Circular, moderate, mis-aligned spins? Eccentric?



Stellar remnant binaries - formation channels for NSNS & NSBH

Possible NSNS channel Possible NSBH channels



[LIGO/Virgo 2111.03634]

Resolving features in the BH mass distribution



[LIGO/Virgo 2111.03634]

Spin distribution
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Things we haven’t heard yet. Core Collapse SN

[Vartanyan+, ariXiv: 2302.07092]





Pulsar Timing



500 MHz

400 MHz

Complications....



Pulsars As Cosmic Clocks

P&A Colloquium | Vanderbilt | Sep 14 2023Stephen R. Taylor



Main target: Super massive black hole binaries

[J. Simon, S. Burke-Spolaor]



power x overlap d(sky)correlated responses

Gravitational Wave Induced Correlations Between Pulsars

Slide by Steven Taylor



correlated responses

Gravitational Wave Induced Correlations Between Pulsars

Slide by Steven Taylor



The NANOGrav 15 yr Data Set: Evidence for a Gravitational-wave Background



So what is causing the signal?

Anisotropy Individual loud sources

High mass

Nearby (< 1 Gpc)



Hint of a black hole binary signal at 4 nHz

2306.16226

EPTANANOGrav

2306.16222



Exotic Sources

Topological defects

BraneworldsPhase transitions- bubble nucleation,
cavitation, collisions

Warped extra dimensions Pre-heating/Re-heating

?
Dark Matter



LISA Sources

?

SMBHB

Stochastic

EMRI UCB

SOBHB



Part 3. Decoding the Data
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Pulsar Timing Spacecraft tracking Laser Interferometers
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Time of flight computed in TT gauge
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Here     is a unit vector along the detector arm and     is the GW propagation direction     
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General coordinate system
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T(t)Δ

end mirror 1
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Example: Laser interferometer in the long wavelength limit
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Antenna Pattern Functions
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v̂ = sin� x̂ � cos � ŷ

â
b̂

e� = û � v̂ + v̂ � û
e+ = û � û � v̂ � v̂

p̂

q̂

(�

k̂

(â � â) : e+ = cos2 � cos2 � � sin2 �

(â � â) : e� = cos � sin 2�

(b̂ � b̂) : e+ = cos2 � sin2 � � cos2 �

(b̂ � b̂) : e� = � cos � sin 2�



Antenna Pattern Functions

x

y

z

n̂û

v̂

n̂ = sin � cos � x̂ + sin � sin� ŷ + cos � ẑ
û = cos � cos � x̂ + cos � sin� ŷ � sin � ẑ

v̂ = sin� x̂ � cos � ŷ

â
b̂

e� = û � v̂ + v̂ � û
e+ = û � û � v̂ � v̂

p̂

q̂

(�

k̂

h = F+h+ + F�h�

F+ =
1
2
(â � â � b̂ � b̂) : �+

=
1
2
(1 + cos2 �) cos(2�) cos 2� � cos � sin 2� sin 2�

F� =
1
2
(â � â � b̂ � b̂) : ��

=
1
2
(1 + cos2 �) cos(2�) sin 2� + cos � sin 2� cos 2�



Antenna Pattern Functions

F+ F⇥ F =
q
F 2
+ + F 2

⇥

Polarization averaged
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Time of Arrival Triangulation

LIGO Hanford + LIGO Livingston LIGO Hanford + LIGO Livingston + Virgo



Triangulating the Source

Hanford



Triangulating the Source

Hanford + Livingston



Triangulating the Source

Hanford + Livingston + Virgo



LIGO GW170817
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Virgo GW170817
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Laser Interferometer Space Antenna

Low frequency response



Data Analysis 101

data            -            signal         =         noise

p(d − h) =
1

(det(2πC))N/2
e− 1

2 (di−hi)C−1
ij (dj−hj)<latexit sha1_base64="/xnxlskjl1tw175qvUmifdbc41M=">AAAB8HicbVDLSsNAFL3xWeur6tLN0CJUhJIIPjZC0Y3LCvYhbSiTyaQdOpOEmYkQYr9CFy4UcevnuOvfOH0stPXAhcM593LvPV7MmdK2PbKWlldW19ZzG/nNre2d3cLefkNFiSS0TiIeyZaHFeUspHXNNKetWFIsPE6b3uBm7DcfqVQsCu91GlNX4F7IAkawNtJDXPaf+sfoCnULJbtiT4AWiTMjpWqxc/Iyqqa1buG740ckETTUhGOl2o4dazfDUjPC6TDfSRSNMRngHm0bGmJBlZtNDh6iI6P4KIikqVCjifp7IsNCqVR4plNg3Vfz3lj8z2snOrh0MxbGiaYhmS4KEo50hMbfI59JSjRPDcFEMnMrIn0sMdEmo7wJwZl/eZE0TivOeeXszqRxDVPk4BCKUAYHLqAKt1CDOhAQ8Axv8G5J69X6sD6nrUvWbOYA/sD6+gFU8ZJv</latexit>p(d|h) =

Likelihood



Gravitational wave signal types = priors on h
Well modeled - e.g. binary inspiral and merger

Poorly modeled - e.g. core collapse supernovae Stochastic- e.g.  phase transition in early universe



Bayesian Inference

Prior Likelihood

Posterior

Evidence

MCMC

p(h|M)

p(h|d,M)

p(d|M)

p(d|h)
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H-L Time delay 7 ms 
H-L  Phase Shift  2.9 radians
H-L  Amplitude ratio 1.24

GW150914



Piper Morris

Aiden Gunsderson
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LISA is not LIGO in Space

• Millions of overlapping signals 

• Unknown number of detectable sources 

• Non-stationary and non-Gaussian noise 

• Data gaps and disturbances 

• Time varying instrument response 

• Complex signals, multiple harmonics



LISA Global Fit - Simultaneously fitting tens of thousands of signals and noise

~200,000 parameter fit


