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WARNING 

These are pedagogical lectures (I hope) 
and have no intent to be complete. 

I give key entries into the literature (I hope) 
but make no claim at being comprehensive: 

this is NOT a review work !
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Neutron Stars 

I - Structure 

II - Evolution and Cooling
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This is a Neutron Star !

This is the Bay Area

Mass: 1 to 2 M⦿

Central density:  
ρc > 1015 g cm-3 

(one billion tons per cm3 !)

Diameter: ~ 25 km

One teaspoon of neutron star matter 
weighs as much as all buildings in the Bay Area
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Atmosphere & Ocean

Core: ρ > ρnuc 
(ρnuc = 2.8x1014 g cm-3)

Metallic Crust

Superfluid 
Superconductor 
... 
Quark Matter ?



Neutron Stars 
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Neutron Stars: 
Yes, they exist !
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“Neutron Stars” DO Exist
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Consider the fastest known pulsar: 
PSR J1748.2448aD in Terzan 5: rotational period  P=1.39 ms

Velocity at equator < speed of light:
<latexit sha1_base64="/aWnaxntitASe7vozd9e8RxCC0k="></latexit>

vecuator = ⌦R =
2⇡R

P
< c =) R <

cP

2⇡
= 65 km
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“Neutron Stars” DO Exist

10

Consider the fastest known pulsar: 
PSR J1748.2448aD in Terzan 5: rotational period  P=1.39 ms

Velocity at equator < speed of light:

Assume star is bound by gravity: agravity > acentrifugal at equator:

<latexit sha1_base64="/aWnaxntitASe7vozd9e8RxCC0k="></latexit>

vecuator = ⌦R =
2⇡R

P
< c =) R <

cP

2⇡
= 65 km
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“Neutron” Stars DO NOT Exist

11

“Neutron” stars as originally conceived by Landau, Baade & 
Zwicky and Oppenheimer & Volkoff DO NOT exist:

A ball of neutrons will immediately undergo decay into protons:

since Mn > Mp + me + mν 
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Degenerate Matter
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A system of fermions (i.e., with spin 1/2, 3/2, ...) at T=0 is degenerate: 
in momentum space particles fill up states with momenta |p| < pF

Energy at pF =  EF  = Fermi energy

Ground state
T = 0

f(E)

EF E

pF

Fermi surface 
      (sphere)

px

py

pz
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Neutron Decay in Dense Matter
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e-

EFn = EFp + EFe

Energy conservation: For electrons: EF = pF c 

For neutrons and protons:  

       EF = mc2 + pF2/2m + V 

V =  potential energy ⇒ 
        Need a model for strong 
        interactions. 
   ⇒  Increasing uncertainty

←mpmn→

n

Energies involved are the Fermi energies, not only the masses: 
(assuming star is cold enough to be transparent to neutrinos: EFν = 0)

with increasing density
p

EFn→

←EFp

←EFe
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Neutron Decay in Dense Matter
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Then 

is also possible, giving the 
DUrca cycle:e-

EFn = EFp + EFe

Energy conservation:

←mpmn→

n p

EFn→

←EFp

←EFe

Energies involved are the Fermi energies, not only the masses: 
(assuming star is cold enough to be transparent to neutrinos: EFν = 0)
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Pulsars
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What is a pulsar ?
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What is a pulsar ?
A pulsar, “PSR”, is a NEUTRON STAR 

with a measured rotational, “spin”, period, P. 
Thats’ all.
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Thats’ all.

A PSR can be a 
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- Optical pulsar 
- X-ray pulsar 
- γ-ray pulsar 

... 
- neutrino pulsar 

- gravitational wave pulsar
yet to be 
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What is a pulsar ?
A pulsar, “PSR”, is a NEUTRON STAR 

with a measured rotational, “spin”, period, P. 
Thats’ all.

A PSR can be a 
- Radio pulsar 
- Optical pulsar 
- X-ray pulsar 
- γ-ray pulsar 

... 
- neutrino pulsar 

- gravitational wave pulsar
yet to be 
detected !

and it can be isolated or in a binary. 
In a binary system it can be accreting or not accreting, 

or sometimes accreting and other times not accreting, ...
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What is a pulsar ?
A pulsar, “PSR”, is a NEUTRON STAR 

with a measured rotational, “spin”, period, P. 
Thats’ all.

A PSR can be a 
- Radio pulsar 
- Optical pulsar 
- X-ray pulsar 
- γ-ray pulsar 

... 
- neutrino pulsar 

- gravitational wave pulsar
yet to be 
detected !

and it can be isolated or binary. 
In a binary system it can be accreting or not accreting, 

or sometimes accreting and other times not accreting, ...

The immense majority of neutron stars are NOT pulsars. 

The majority of known neutron stars are pulsars.

There are about 1011 stars in the Milky Way and about 
1% of them (108-109) are neutron stars of which about 

0.1% of then (104-105) are expected to be pulsars.
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The P-P Diagram
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The P-P Diagram
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The P-P Diagram
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The P-P Diagram
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The P-P Diagram
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The P-P Diagram
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The Magnetic Dipole Model of Spin-Down

22
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The Magnetic Dipole Model of Spin-Down
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The Magnetic Dipole Model of Spin-Down
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The Magnetic Dipole Model of Spin-Down
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The Magnetic Dipole Model of Spin-Down

22

Rotation axis

Neutron star

Dipolar magnetic 
field lines Light cylinder: 

vco-rot = c
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The Magnetic Dipole Model of Spin-Down
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Rlc =
c

⌦
=

cP

2⇡
' 50 km⇥ Pmillisec.

Blc
⇠= B0

✓
R

Rlc
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=
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⌦3
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B2

lc
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=

B2
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Magneto-dipolar  
radiation 
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Ėvac.
md = �
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⇥ 1

6
sin2 ↵

<latexit sha1_base64="0szr3BsVMCdOG0xiDbmD/iVoB8U="></latexit>
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Spitkovsky et al. Model
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The Magnetic Dipole Model of Spin-Down
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Rotational kinetic energy: Erot =
1

2
I⌦2 =) Ėrot = I⌦⌦̇
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s
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Inferred surface magnetic field:

Magneto-dipolar spin-down equation: Ėrot = �Ėmd

⌦̇ = �k
B2

0R
6

c3I
⌦3 (k ' 1)which gives:
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 Good question !  

No good answer :(
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Hydrostatic Equilibrium 
Tolman-Oppenheimer- 

Volkoff Equations
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Static Spherically Symmetric Metric
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ds2 = c2dt2e2� � e2�dr2 � r2(d✓2 + sin2 ✓d�)
<latexit sha1_base64="zNJ+qyN0NOv+iFUxjpCMSEPG5Vo="></latexit>

Spherically symmetric metric:

Local observer (proper) metric:

dl = e� dr > dr
<latexit sha1_base64="Cnng3pf9wxhltmOR9C97TdJWooU=">AAACPnicbVDLSgMxFM3UV62vUZdugkVwIWWmCnZjKbhxWcE+oFNLJpO2oUlmSDJCGeZv/BDXbnXjDwguxK1L04dY2x4InHvOvUnu8SNGlXacNyuzsrq2vpHdzG1t7+zu2fsHdRXGEpMaDlkomz5ShFFBappqRpqRJIj7jDT8wfXIbzwQqWgo7vQwIm2OeoJ2KUbaSB277HGk+5InQcrgFfytSHrvMXNLgKB3Bv96oITlmVJ27LxTcMaAi8SdkjyYotqxP7wgxDEnQmOGlGq5TqTbCZKaYkbSnBcrEiE8QD3SMlQgTlQ7Ge+ZwhOjBLAbSnOEhmN1diJBXKkh903n6Itq3huJSz2fL5Nbse6W2gkVUayJwJP3uzGDOoSjLGFAJcGaDQ1BWFKzAsR9JBHWJvGcycadT2KR1IsF97xQvL3IV0rTlLLgCByDU+CCS1ABN6AKagCDR/AMXsCr9WS9W5/W16Q1Y01nDsE/WN8/uCSvlg==</latexit>

d⌧ = e� dt < dt
<latexit sha1_base64="NlkZ6kHTosPmcGBqOJHyAh8eR9I=">AAACP3icbVDLSgMxFM3UV62vUZdugkVwIWWmCnahWHDjsoJ9QKeWTJq2ocnMkNwRytDP8UNcu9WFXyBuxK0704doHwcCJ+ecS3KPHwmuwXHerNTS8srqWno9s7G5tb1j7+5VdBgryso0FKGq+UQzwQNWBg6C1SLFiPQFq/q966FffWBK8zC4g37EGpJ0At7mlICRmvaVJwl0lUxaAw9IjC/xr8AG917U5dg7wX8ZDPhi6tq0s07OGQHPE3dCsmiCUtP+8FohjSULgAqidd11ImgkRAGngg0yXqxZRGiPdFjd0IBIphvJaNEBPjJKC7dDZU4AeKT+n0iI1LovfZMc/lHPekNxoefLRXI9hnahkfAgioEFdPx+OxYYQjwsE7e4YhRE3xBCFTcrYNolilAwlWdMN+5sE/Okks+5p7n87Vm2WJi0lEYH6BAdIxedoyK6QSVURhQ9omf0gl6tJ+vd+rS+xtGUNZnZR1Owvn8AWkGv3A==</latexit>

<latexit sha1_base64="D8UTFRv6jCZ7tIP514AUXPDz6PA=">AAACOHicbZC7TsMwFIadcivlFmBksaiQWKiSiksXpEosjEWiF6lJK8dxWqt2EtkOUhX1VXgQZlbY2dhQV54Ap81Q2h7J1q/vP0f2+b2YUaks68sobGxube8Ud0t7+weHR+bxSUtGicCkiSMWiY6HJGE0JE1FFSOdWBDEPUba3ugh89svREgahc9qHBOXo0FIA4qR0qhv1hyO1FDw1J9A2avCe4j1vQAdhRJN4NUiZL1q3yxbFWtWcFXYuSiDvBp9c+r4EU44CRVmSMqubcXKTZFQFDMyKTmJJDHCIzQgXS1DxIl009mGE3ihiQ+DSOgTKjijixMp4lKOuac7s1/KZS+Daz2Pr8PdRAU1N6VhnCgS4vn7QcKgimCWIvSpIFixsRYIC6pXgHiIBMJKZ13S2djLSayKVrVi31Zunq7L9VqeUhGcgXNwCWxwB+rgETRAE2DwCt7BB/g03oxv48eYzlsLRj5zCv6V8fsH9rWrgg==</latexit>

ds2 = c2d⌧2 � dl2

Proper time and radial length:

<latexit sha1_base64="SsvYz9MxFMD+Fqc0neCVlejGLs0=">AAACPHicbZA7T8MwFIWd8irlFWBksaiQmKqkKtABUCUWxiLRh9SEynHc1qqdRLZTqYr6Z/ghzKywsbMgxMqM02YobY9k6ei79+r6Hi9iVCrL+jBya+sbm1v57cLO7t7+gXl41JRhLDBp4JCFou0hSRgNSENRxUg7EgRxj5GWN7xL660REZKGwaMaR8TlqB/QHsVIadQ1rx2O1EDwxJ/AEbyBFSeiUDyV4Rxn8HYlF12zaJWsqeCysTNTBJnqXfPL8UMccxIozJCUHduKlJsgoShmZFJwYkkihIeoTzraBogT6SbTKyfwTBMf9kKhX6DglM5PJIhLOeae7kz/KBdrKVxZ8/gq3IlVr+omNIhiRQI829+LGVQhTJOEPhUEKzbWBmFB9QkQD5BAWOm8CzobezGJZdMsl+zL0sVDpVirZinlwQk4BefABlegBu5BHTQABs/gFbyBd+PF+DS+jZ9Za87IZo7BPxm/f/SwrP0=</latexit>

dv = 4⇡r2dl > 4⇡r2drProper volume of a shell:

Vacuum solution: the Schwarzschild metric:
<latexit sha1_base64="rlBH0y2RnpBtlYtiBfui6RJdLr0="></latexit>

ds2 =

✓
1� 2GM

rc2

◆
c2dt2 � dr2

1� 2GM

rc2

� r2(d✓2 + sin2 ✓d�)

t = proper time of an observer at infinity

Metric of a 2D sphere (r & t fixed): 
<latexit sha1_base64="ZBwGYCxlutF/5Lh1UNz0srBoDRQ="></latexit>

ds2 = r2(d✓2 + sin2 ✓d�)

→ same metric as a sphere in Euclidean geometry 
     (r is known as the "areal coordinate")
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Hydrostatic Equilibrium in Spherical Metric

29

dm

dr
= 4⇡r2⇢

<latexit sha1_base64="1gIcllJSiN2jXuxHge8pWjcPOiQ=">AAACMHicbZBNS8MwGMfT+TbnW9Wjl+AQPI12DtxFGHjxOMG9wFpHmqZbWNKWJBVG6dfwg3j2qp9BT+JRP4Xp1sPc9ofAP//neUienxczKpVlfRqljc2t7Z3ybmVv/+DwyDw+6cooEZh0cMQi0feQJIyGpKOoYqQfC4K4x0jPm9zm9d4TEZJG4YOaxsTlaBTSgGKkdDQ0LScQCKcOR2oseOpnPFu4iAzewIYTUyge69AR4wgOzapVs2aCq8YuTBUUag/NH8ePcMJJqDBDUg5sK1ZuioSimJGs4iSSxAhP0IgMtA0RJ9JNZ5tl8EInPgwioU+o4CxdnEgRl3LKPd2Zf1ou1/Jwbc3j6+JBooKmm9IwThQJ8fz9IGFQRTCnB30qCFZsqg3CguoVIB4jTVBpxhXNxl4msWq69Zp9VavfN6qtZkGpDM7AObgENrgGLXAH2qADMHgGr+ANvBsvxofxZXzPW0tGMXMK/sn4/QNzgant</latexit>

d�

dr
=

G

c2
m+ 4⇡r3P/c2

r2
e2�

<latexit sha1_base64="wxeHrH5wY64MkFIbppxXqdc2Vu0="></latexit>

e�2� = 1� 2Gm

rc2
<latexit sha1_base64="yJ9TXpomDUpdQ7fpZZEjUGFmAjU=">AAACLHicbVBLS8NAGNz4rPUV9ehlsQgebEmiYC9CwYMeK9gHNGnZbDbt0t0k7G6EEvIn/CGevepv8CLiVfBfuH0ctO3AwjDzDcuMnzAqlWV9GCura+sbm4Wt4vbO7t6+eXDYlHEqMGngmMWi7SNJGI1IQ1HFSDsRBHGfkZY/vBn7rUciJI2jBzVKiMdRP6IhxUhpqWeeuxypgeAZybtZ2XGZjgYoh9fQLruhQDhzbnmeCdx1ctgzS1bFmgAuEntGSmCGes/8cYMYp5xECjMkZce2EuVlSCiKGcmLbipJgvAQ9UlH0whxIr1s0iqHp1oJYBgL/SIFJ+rfRIa4lCPu68txBznvjcWlns+XyZ1UhVUvo1GSKhLh6f9hyqCK4Xg5GFBBsGIjTRAWVFeAeID0RErvW9Tb2PNLLJKmU7EvKs79ZalWna1UAMfgBJwBG1yBGrgDddAAGDyBF/AK3oxn4934NL6mpyvGLHME/sH4/gW4e6dx</latexit>

Equation of State (fully degenerate): P = P (⇢)
<latexit sha1_base64="84cwwkdkfogYsLq9WdvlDFE3t/o=">AAACCXicbZDLSgMxGIUz9VbrrerSTbAIdVNmqmA3QsGNyxHsBaZDyaSZNjSXIckIZegTuHarz+BO3PoUPoJvYdrOQtseCHyc8/8kOVHCqDau++0UNja3tneKu6W9/YPDo/LxSVvLVGHSwpJJ1Y2QJowK0jLUMNJNFEE8YqQTje9meeeJKE2leDSThIQcDQWNKUbGWoEPb6Ff7amRvOyXK27NnQuugpdDBeTy++Wf3kDilBNhMENaB56bmDBDylDMyLTUSzVJEB6jIQksCsSJDrP5k6fwwjoDGEtljzBw7v7dyBDXesIjO8mRGenlbGauzSK+zg5SEzfCjIokNUTgxf1xyqCRcFYLHFBFsGETCwgrar8A8QgphI0tr2S78ZabWIV2veZd1eoP15VmI2+pCM7AOagCD9yAJrgHPmgBDCR4Aa/gzXl23p0P53MxWnDynVPwT87XL4pUmSc=</latexit>

⇢ = ✏/c2
<latexit sha1_base64="BIVYhXWtUYWJH3wP4CAN6Lw5Lqg=">AAACE3icbZDLSgMxGIUzXmu9jXbpJlgEV3WmCnYjFNy4rGAv0BlLJk3b0FyGJCMMQx/DtVt9Bnfi1gfwEXwL03YW2vZA4OOc/yfJiWJGtfG8b2dtfWNza7uwU9zd2z84dI+OW1omCpMmlkyqToQ0YVSQpqGGkU6sCOIRI+1ofDvN209EaSrFg0ljEnI0FHRAMTLW6rmlQI0kvIEBiTVlUlzgx2rPLXsVbya4DH4OZZCr0XN/gr7ECSfCYIa07vpebMIMKUMxI5NikGgSIzxGQ9K1KBAnOsxmj5/AM+v04UAqe4SBM/fvRoa41imP7CRHZqQXs6m5Mov4KrubmEEtzKiIE0MEnt8/SBg0Ek4Lgn2qCDYstYCwovYLEI+QQtjYGou2G3+xiWVoVSv+ZaV6f1Wu1/KWCuAEnIJz4INrUAd3oAGaAIMUvIBX8OY8O+/Oh/M5H11z8p0S+Cfn6xcGS50v</latexit>

Tolman - Oppenheimer - Volkoff equations:

Solution: given the EOS, choose central pressure Pc or density ρc and 
               integrate TOV equations outward till P=0 (surface). 
               Shift                        so that at the surface 
               to match the vacuum Schwarzschild solution

e�s = e��s =
p
1� 2GM/Rc2

<latexit sha1_base64="uTuBq+WXqau5AFzHytHu/zy2u10="></latexit>

� �! �+ �0
<latexit sha1_base64="vnn7aJlJOgReS4xQ5AQvtYP7v8A=">AAACInicbZDLSsNAFIYnXmu9RV26GVoEQShJFeyy4MZlBXuBppTJdJIMncyEmYlSQvc+iGu3+gzuxJXgC/gWTtMstO2BYX6+/xwO5/cTRpV2nC9rbX1jc2u7tFPe3ds/OLSPjjtKpBKTNhZMyJ6PFGGUk7ammpFeIgmKfUa6/vhm5ncfiFRU8Hs9ScggRiGnAcVIGzS0K14SUegxwUNJw0gjKcUjzOFF/g2doV11ak5ecFm4haiColpD+8cbCZzGhGvMkFJ910n0IENSU8zItOyliiQIj1FI+kZyFBM1yPJbpvDMkBEMhDSPa5jTvxMZipWaxL7pjJGO1KI3gys9P16F+6kOGoOM8iTVhOP5/iBlUAs4ywuOqCRYs4kRCEtqToA4QhJhbVItm2zcxSSWRadecy9r9burarNRpFQCp6ACzoELrkET3IIWaAMMnsALeAVv1rP1bn1Yn/PWNauYOQH/yvr+BR8Jo5E=</latexit>

<latexit sha1_base64="aXZkk8a3nlj/aTSifQdWHjCDa/M="></latexit>

dP

dr
= �G(⇢+ P/c2)(m+ 4⇡r3P/c2)

r2
e2� = �c2(⇢+ P/c2)

d�

dr
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Metric Coefficients
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<latexit sha1_base64="R4mRde0EFDiSUKltJDYAtnQitUY="></latexit>

g1/2tt = e� =

✓
1� 2GM

rc2

◆1/2

<latexit sha1_base64="h8SiUbeA7bfW87RjmcLz/O5ZHvk="></latexit>

g1/2rr = e⇤ =

✓
1� 2GM

rc2

◆�1/2
<latexit sha1_base64="PcXKG7ejDpxAkyfB089E+ZjIkxw=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwFRKpj2XBjRuhgn1AGspkMmmHTmbCzI1QSj/DjQtF3Po17vwbp20W2nrgwuGce7n3nigT3IDnfTultfWNza3ydmVnd2//oHp41DYq15S1qBJKdyNimOCStYCDYN1MM5JGgnWi0e3M7zwxbbiSjzDOWJiSgeQJpwSsFPhuHd/3eypW0K/WPNebA68SvyA1VKDZr371YkXzlEmgghgT+F4G4YRo4FSwaaWXG5YROiIDFlgqScpMOJmfPMVnVolxorQtCXiu/p6YkNSYcRrZzpTA0Cx7M/E/L8ghuQknXGY5MEkXi5JcYFB49j+OuWYUxNgSQjW3t2I6JJpQsClVbAj+8surpH3h+lfu5UO91qgXcZTRCTpF58hH16iB7lATtRBFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8A5eiQVQ==</latexit>

1.4M�

<latexit sha1_base64="W3Auw2dqymBgdZsGT+vIOkn8c/U=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0hK/TgWvHgRKthaSEPZbDbt0s1u2J0IpfRnePGgiFd/jTf/jds2B219MPB4b4aZeVEmuAHP+3ZKa+sbm1vl7crO7t7+QfXwqGNUrilrUyWU7kbEMMElawMHwbqZZiSNBHuMRjcz//GJacOVfIBxxsKUDCRPOCVgpaDueviu31Oxgn615rneHHiV+AWpoQKtfvWrFyuap0wCFcSYwPcyCCdEA6eCTSu93LCM0BEZsMBSSVJmwsn85Ck+s0qME6VtScBz9ffEhKTGjNPIdqYEhmbZm4n/eUEOyXU44TLLgUm6WJTkAoPCs/9xzDWjIMaWEKq5vRXTIdGEgk2pYkPwl19eJZ2661+6F/eNWrNRxFFGJ+gUnSMfXaEmukUt1EYUKfSMXtGbA86L8+58LFpLTjFzjP7A+fwB4UaQUg==</latexit>

2.0M�

<latexit sha1_base64="W3Auw2dqymBgdZsGT+vIOkn8c/U=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0hK/TgWvHgRKthaSEPZbDbt0s1u2J0IpfRnePGgiFd/jTf/jds2B219MPB4b4aZeVEmuAHP+3ZKa+sbm1vl7crO7t7+QfXwqGNUrilrUyWU7kbEMMElawMHwbqZZiSNBHuMRjcz//GJacOVfIBxxsKUDCRPOCVgpaDueviu31Oxgn615rneHHiV+AWpoQKtfvWrFyuap0wCFcSYwPcyCCdEA6eCTSu93LCM0BEZsMBSSVJmwsn85Ck+s0qME6VtScBz9ffEhKTGjNPIdqYEhmbZm4n/eUEOyXU44TLLgUm6WJTkAoPCs/9xzDWjIMaWEKq5vRXTIdGEgk2pYkPwl19eJZ2661+6F/eNWrNRxFFGJ+gUnSMfXaEmukUt1EYUKfSMXtGbA86L8+58LFpLTjFzjP7A+fwB4UaQUg==</latexit>

2.0M�

<latexit sha1_base64="PcXKG7ejDpxAkyfB089E+ZjIkxw=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwFRKpj2XBjRuhgn1AGspkMmmHTmbCzI1QSj/DjQtF3Po17vwbp20W2nrgwuGce7n3nigT3IDnfTultfWNza3ydmVnd2//oHp41DYq15S1qBJKdyNimOCStYCDYN1MM5JGgnWi0e3M7zwxbbiSjzDOWJiSgeQJpwSsFPhuHd/3eypW0K/WPNebA68SvyA1VKDZr371YkXzlEmgghgT+F4G4YRo4FSwaaWXG5YROiIDFlgqScpMOJmfPMVnVolxorQtCXiu/p6YkNSYcRrZzpTA0Cx7M/E/L8ghuQknXGY5MEkXi5JcYFB49j+OuWYUxNgSQjW3t2I6JJpQsClVbAj+8surpH3h+lfu5UO91qgXcZTRCTpF58hH16iB7lATtRBFCj2jV/TmgPPivDsfi9aSU8wcoz9wPn8A5eiQVQ==</latexit>

1.4M�

Neutron stars built with the APR EOS
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Various Concepts of Mass

31

Gravitational mass:
<latexit sha1_base64="NfvszjnNydvQu/1Wwap/4DOoCow=">AAACKXicbVDLSgMxFM34rPU16tJNsAgKUmZK1W6Eghs3QhX7gM60ZNK0DU0yQ5IRytBv8ENcu9VvcKduXfkXZtoutO2BC4dz7uXee4KIUaUd59NaWl5ZXVvPbGQ3t7Z3du29/ZoKY4lJFYcslI0AKcKoIFVNNSONSBLEA0bqweA69euPRCoaigc9jIjPUU/QLsVIG6ltn97CK+hRodtO6x4WvYhCT/ZD6J1B2SpAjyPdlzzpjGTbzjl5Zww4T9wpyYEpKm37x+uEOOZEaMyQUk3XibSfIKkpZmSU9WJFIoQHqEeahgrEifKT8UsjeGyUDuyG0pTQcKz+nUgQV2rIA9OZnqhmvVRc6AV8kdyMdbfkJ1REsSYCT/Z3YwZ1CNPYYIdKgjUbGoKwpOYFiPtIIqxNuFmTjTubxDypFfLuRf78rpgrl6YpZcAhOAInwAWXoAxuQAVUAQZP4AW8gjfr2Xq3PqyvSeuSNZ05AP9gff8CPIOlEg==</latexit>

M =

Z R

0
4⇡⇢ r2dr

Gravitational mass = proper mass + gravitational binding energy:

Proper mass:
<latexit sha1_base64="ah0wa9LPw3Kjm40DlsQwrMJZ7OY=">AAACK3icbVDLSgMxFM34rPVVdekmWARBKTOlajdCwY0boYp9QGc6ZDJpG5pkhiQjlKEf4Ye4dqvf4Epx68K/MH0stO2BC4dz7uXee4KYUaVt+8NaWl5ZXVvPbGQ3t7Z3dnN7+3UVJRKTGo5YJJsBUoRRQWqaakaasSSIB4w0gv71yG88EqloJB70ICYeR11BOxQjbSQ/d3rrV+EVdKnQvt2+hyU3ptCVvQi6Z1C2i9DlSPckT8Mh83N5u2CPAeeJMyV5MEXVz/24YYQTToTGDCnVcuxYeymSmmJGhlk3USRGuI+6pGWoQJwoLx0/NYTHRglhJ5KmhIZj9e9EirhSAx6YztGJatYbiQu9gC+SW4nulL2UijjRRODJ/k7CoI7gKDgYUkmwZgNDEJbUvABxD0mEtYk3a7JxZpOYJ/ViwbkonN+V8pXyNKUMOARH4AQ44BJUwA2oghrA4Am8gFfwZj1b79an9TVpXbKmMwfgH6zvX7MMpc8=</latexit>

MP =

Z R

0
4⇡⇢ r2dl

<latexit sha1_base64="ZiglaIMfKmS7zIiIwCuH4DLz6Ww="></latexit>

M =

Z R

0
4⇡⇢ r2dr =

Z R

0
4⇡⇢ r2

p
1� 2Gm/rc2 dl

it is the mass in the Schwarzschild metric 
and it determines planetary motions,  
binary motions, ...  : all gravitational effects

Baryonic mass:
<latexit sha1_base64="oUPhvSBRUK3Ajgfkb+MX29gl7x8=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIj26EUjdulAr2Ae0wZNJMG5rMjElGKEM/wbVb/QZ34taP8BP8C9N2Flp7IOFwzr3ce48fc6a0bX9ZuaXlldW1/HphY3Nre6e4u9dUUSIJbZCIR7LtY0U5C2lDM81pO5YUC5/Tlj+8mvitRyoVi8J7PYqpK3A/ZAEjWBvJvfFq6BIJ8996Na9Yssv2FOg/cTJSggx1r/jd7UUkETTUhGOlOo4dazfFUjPC6bjQTRSNMRniPu0YGmJBlZtOlx6jI6P0UBBJ80KNpurvjhQLpUbCN5UC64Ga9ybiQs8Xi+ROooOKm7IwTjQNyWx+kHCkIzQJBvWYpETzkSGYSGZOQGSAJSbaxFcw2TjzSfwnzZOyc14+uzstVStZSnk4gEM4BgcuoArXUIcGEHiAZ3iBV+vJerPerY9Zac7KevbhD6zPH5mQmbY=</latexit>

MB = mBNB

<latexit sha1_base64="uQwa/tICV9p99YQtQXo5Ee/zjdE="></latexit>

NB =

Z R

0
4⇡nB r2dl = baryon number

nB = baryon density
mB = baryon mass

<latexit sha1_base64="yV5BMICVt9TI++KyEkAvmv1rBQo="></latexit>

'
Z R

0
4⇡⇢ r2(1�Gm/rc2) dl =

Z R

0
4⇡⇢ r2dl � 1

c2

Z R

0

Gm⇢

r
4⇡r2 dl = MP +

EG

c2
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A Sample of EOSs and M-R Curves

32

The Nuclear Equation of State and Neutron Star Masses
Lattimer, James M.
2012ARNPS..62..485L

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2012ARNPS..62..485L&db_key=PHY&link_type=ABSTRACT&high=4e91ed5ac729392


33

Neutron Star 
Masses
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Masses, Radii, and the Equation of State of Neutron Stars
Özel, Feryal; Freire, Paulo
2016ARA&A..54..401O

http://xtreme.as.arizona.edu/neutronstars/

Spectral studies of thermonuclear X-ray bursts provide measurements 
of their mass and radius: useful constraints but low precision.

Neutron stars with strong B ("X-ray pulsars") in eclipsing binaries 
with a high mass companion. Optical observations of the companion 
(massive = bright star) gives complementary information about the orbit. 
Provide useful constraints but low precision.

Binary systems with a pulsar and a second compact star (neutron star or 
white dwarf) companion. In the cases of very excentric and compact orbits 
many Post-Keplerian parameters can be measured with high accuracy and 
the orbit properties can be deduced with high precision. These provide the 
most accurate mass measurement. Typical example: the Hulse-Taylor  
system from which existence of gravitational waves was first obtained.

Very old systems with a millisecond ("recycled")  
pulsar.  

In a few cases with a white dwarf companion and an 
almost circular orbit accurate mass measurement 
have been obtained through the "Shapiro delay" 
effect. These have provided the highest mass 
measurements.

https://ui.adsabs.harvard.edu/abs/2016ARA%26A..54..401O/abstract
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Mass Measurements from Binaries

35

Newtonian dynamics ("Kepler Laws") give the "mass function":

<latexit sha1_base64="M1KnEdokXXYF7TPRQ5lJYu/Npd4="></latexit>

f =
(Mc sin i)3

M2
T

=
4⇡2

GM�

x3
PSR

P 2
b

Observable 
quantities

Wished for 
quantities <latexit sha1_base64="MvpWXar6J3pps4Xlq7SrnoEkYFk=">AAACA3icbVDLSgMxFM34rPU16k43wSIIQpkRH90IBTduClX7gnYYMmnahiaZIckIZSi48VfcuFDErT/hzr8x085CWw9cOJxzL/feE0SMKu0439bC4tLyympuLb++sbm1be/sNlQYS0zqOGShbAVIEUYFqWuqGWlFkiAeMNIMhtep33wgUtFQ1PQoIh5HfUF7FCNtJN/er/g1eAUrfocjPZA8qd7fjeGJEbBvF5yiMwGcJ25GCiBD1be/Ot0Qx5wIjRlSqu06kfYSJDXFjIzznViRCOEh6pO2oQJxorxk8sMYHhmlC3uhNCU0nKi/JxLElRrxwHSml6pZLxX/89qx7pW8hIoo1kTg6aJezKAOYRoI7FJJsGYjQxCW1NwK8QBJhLWJLW9CcGdfnieN06J7UTy/PSuUS1kcOXAADsExcMElKIMbUAV1gMEjeAav4M16sl6sd+tj2rpgZTN74A+szx+BeJYk</latexit>MT = MPSR +Mc
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Mass Measurements with Shapiro Delay

36

General relativistic effects provide the complementary relation in the case of i ~ 90o: 

A two-solar-mass neutron star measured using Shapiro delay
Demorest, P. B.; Pennucci, T.; Ransom, S. M.; Roberts, M. S. E.; Hessels, J. W. T.
2010Natur.467.1081D

Measuring ΔS gives r and s → i and Mc → MPSR from the mass function !

<latexit sha1_base64="qIJdBWl4I5j7XFtQEBafkx/wA5w="></latexit>

s = sin i = shape parameter
r = GMc/c2 = range parameter
� = orbital phase
�0 = superior conjunction phase

A test of general relativity from the three-dimensional orbital geometry of a binary pulsar
van Straten, W.; Bailes, M.; Britton, M.; Kulkarni, S. R.; Anderson, S. B.; Manchester, R. N.; Sarkissian, J.
2001Natur.412..158V
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Time of arrival without Shapiro delay

Time of arrival with Shapiro delay

= delay in time arrival of pulses 
due to curvature of space-time 
by the pulsar companion  
(circular orbit case)

<latexit sha1_base64="9ienlStX4IrkDv/jvjSZcd3aDBU="></latexit>

�S = �2r ln(1� s cos(�� �0))

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2010Natur.467.1081D&db_key=AST&link_type=ABSTRACT&high=4e2dd1b66606482
http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2001Natur.412..158V&db_key=AST&link_type=ABSTRACT&high=434b015ebb01660


Dany Page                         Neutron Stars: Structure                             N3AS Summer School, UC Santa Cruz, July 18, 2023

Mass Measurements with Shapiro Delay

37

General relativistic effects provide the complementary relation in the case of i ~ 90o: 

A two-solar-mass neutron star measured using Shapiro delay
Demorest, P. B.; Pennucci, T.; Ransom, S. M.; Roberts, M. S. E.; Hessels, J. W. T.
2010Natur.467.1081D

Measuring ΔS gives r and s → i and Mc → MPSR from the mass function !

<latexit sha1_base64="qIJdBWl4I5j7XFtQEBafkx/wA5w="></latexit>

s = sin i = shape parameter
r = GMc/c2 = range parameter
� = orbital phase
�0 = superior conjunction phase

A test of general relativity from the three-dimensional orbital geometry of a binary pulsar
van Straten, W.; Bailes, M.; Britton, M.; Kulkarni, S. R.; Anderson, S. B.; Manchester, R. N.; Sarkissian, J.
2001Natur.412..158V

Ti
m

in
g 

re
si

du
al

s 
(µ

s)

Time of arrival without Shapiro delay

Time of arrival with Shapiro delay

= delay in time arrival of pulses 
due to curvature of space-time 
by the pulsar companion  
(circular orbit case)

<latexit sha1_base64="9ienlStX4IrkDv/jvjSZcd3aDBU="></latexit>

�S = �2r ln(1� s cos(�� �0))

BINGO

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2010Natur.467.1081D&db_key=AST&link_type=ABSTRACT&high=4e2dd1b66606482
http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2001Natur.412..158V&db_key=AST&link_type=ABSTRACT&high=434b015ebb01660
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2 M⦿ Pulsars from Shapiro Delay

38

A very massive neutron star: relativistic Shapiro delay measurements of PSR J0740+6620
Thankful Cromartie, H.; Fonseca, Emmanuel; Ransom, Scott M.; Demorest, Paul B.; and 23 coauthors
2020NatAs...4...72C

A Massive Pulsar in a Compact Relativistic Binary
Antoniadis, John; Freire, Paulo C. C.; Wex, Norbert; and 19 coauthors
2013Sci...340..448A

A two-solar-mass neutron star measured using Shapiro delay
Demorest, P. B.; Pennucci, T.; Ransom, S. M.; Roberts, M. S. E.; Hessels, J. W. T.
2010Natur.467.1081D

Refined Mass and Geometric Measurements of the High-mass PSR J0740+6620 
Fonseca, E.; Cromartie, H. T.; Pennucci, T. T. and 42 more 
2021ApJ...915L..12F

PSR J1614-2230: M = 1.97∓0.04 M⦿ 

PSR J0348+0432: M = 2.01∓0.04 M⦿ 

PSR J0740+6620: M = 2.08∓0.07 M⦿ 

https://ui.adsabs.harvard.edu/#abs/2020NatAs...4...72C/abstract
http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2013Sci...340..448A&db_key=AST&link_type=ABSTRACT&high=50bd04adff29525
http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2010Natur.467.1081D&db_key=AST&link_type=ABSTRACT&high=4e2dd1b66606482
https://ui.adsabs.harvard.edu/#abs/2021ApJ...915L..12F/abstract
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M & R from Thermal Emission

40
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and  

estimated distance D 
L = F D2

From spectral fit 
that give T and 

atmosphere that 
depends on 

surface gravity
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M & R from Thermal Emission

41
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Figure 10
M−R probability densities of neutron stars from (a) four quiescent low-mass X-ray binaries in globular clusters and (b) four photospheric radius expansion bursts
(incorporating the possibility that Rph > R). The diagonal lines represent causality limits. Figure reproduced courtesy of A.W. Steiner.
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Annu. Rev. Nucl. Part. Sci. 2012.62:485-515. Downloaded from www.annualreviews.org
by Universidad Nacional Autonoma de Mexico on 11/14/12. For personal use only.

The Nuclear Equation of State and Neutron Star Masses
Lattimer, James M.
2012ARNPS..62..485L

Masses, Radii, and Equation of State of Neutron Stars
Ozel, Feryal; Freire, Paulo
2016ARA&A..54..401O

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2012ARNPS..62..485L&db_key=PHY&link_type=ABSTRACT&high=4e91ed5ac729392
https://ui.adsabs.harvard.edu/#abs/2016ARA&A..54..401O/abstract
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M & R from Light-Curve Fitting (NICER) 

42

Constraining the Neutron Star Mass─Radius Relation and Dense Matter Equation of State with NICER. II. Emission from Hot Spots on a Rapidly Rotating Neutron Star 
Bogdanov, Slavko; Lamb, Frederick K.; Mahmoodifar, Simin; Miller, M. Coleman; Morsink, Sharon M.; Riley, Thomas E.; Strohmayer, Tod E.; Tung, Albert K.; 
Watts, Anna L.; Dittmann, Alexander J.; Chakrabarty, Deepto; Guillot, Sebastien; Arzoumanian, Zaven; Gendreau, Keith C. 
2019ApJ...887L..26B

https://ui.adsabs.harvard.edu/#abs/2019ApJ...887L..26B/abstract
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Constraints from 
Gravitational Waves 
in Binary Merger(s)
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The First BNS Merger: GW170817

44

LIGO-Livingstone

LIGO-Hanford

VIRGO

GW170817: Observation of Gravitational Waves from a Binary Neutron Star Inspiral
Abbott, B. P.; Abbott, R.; Abbott, T. D.; Acernese, F.; Ackley, K.; Adams, C.; Adams, T.; Addesso, P.; Adhikari, R. X.; Adya, V. B.; and 1116 coauthors
2017PhRvL.119p1101A

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2017PhRvL.119p1101A&db_key=AST&link_type=ABSTRACT
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Gravitational Waves Emission: 
Point Masses in a Circular Orbit

45

Change of orbital frequency f 
for a circular binary system 

M ⌘ (m1m2)3/5

(m1 +m2)1/5
= µ3/5M2/5 = (µM2/3)3/5

<latexit sha1_base64="sk3XXkw6Vh2tey1rt6pE6Zv2W3E="></latexit>
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Change of orbital energy E 
for a circular binary system 

M = m1 +m2
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µ =
m1m2

(m1 +m2)
<latexit sha1_base64="/gdzBRHuIr9C+x93FsAP52GjtyU=">AAACIXicbZDLSsNAGIUn9VbrLerSzWgRKkJJoqAboeDGZQV7gSaEyXTSDp1JwsxEKKFrH8S1W30Gd+JOfALfwkmbhbY9MPBxzv8z/CdIGJXKsr6M0srq2vpGebOytb2zu2fuH7RlnApMWjhmsegGSBJGI9JSVDHSTQRBPGCkE4xu87zzSISkcfSgxgnxOBpENKQYKW355rHLU3gD3VAgnHHfhtx3Jlktp/Oczya+WbXq1lRwEewCqqBQ0zd/3H6MU04ihRmSsmdbifIyJBTFjEwqbipJgvAIDUhPY4Q4kV42PWUCT7XTh2Es9IsUnLp/NzLEpRzzQE9ypIZyPsvNpVnAl9m9VIXXXkajJFUkwrP/w5RBFcO8LtingmDFxhoQFlSfAPEQ6bKULrWiu7Hnm1iEtlO3L+rO/WW14RQtlcEROAE1YIMr0AB3oAlaAIMn8AJewZvxbLwbH8bnbLRkFDuH4J+M71+yVKGQ</latexit>
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Tidal Deformation: Love Number

46

The Yielding of the Earth to Disturbing Forces
Love, A. E. H.
1909RSPSA..82...73L 

H = height of tide 
R = Earth radius 
M = Earth mass 
m = Moon mass 
a  = Moon-Earth distance

Love number k2 determines deformation of surface. 
Larger k2 deforms more easily (e.g., ocean vs rock)

H = k2
⇣
m
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More generally: field     of star deformed by a tidal field        : Eij
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k2 and λ: Love numbers
Λ: tidal deformability  
     or polarizability

Qij =

Z
d3x �⇢

�
xixj � r2�ij/3

�
<latexit sha1_base64="LJ9zSzuHGqZRn+zPndXIVhp2edE="></latexit>

Linear response: Qij = ��Eij
<latexit sha1_base64="0B+xvMEG7FEEW1KRmf2Gya1djc0=">AAACKHicbVDLSsNAFJ3UV62vqEsXDpaCG0tSBbsRCiK4bME+oAlhMpm0YycPZiZCCVn6M7rV/3An3foJfoHTNAttPXDhcM49cO9xY0aFNIyZVlpb39jcKm9Xdnb39g/0w6OeiBKOSRdHLOIDFwnCaEi6kkpGBjEnKHAZ6buT27nffyJc0Ch8kNOY2AEahdSnGEklOfppx0npYwZv4IXFVMxDMLUwYvAuyw1Hrxp1IwdcJWZBqqBA29G/LS/CSUBCiRkSYmgasbRTxCXFjGQVKxEkRniCRmSoaIgCIuw0fySDNaV40I+4mlDCXP2dSFEgxDRw1WaA5Fgse3PxX88NMpij5kbMW/GHifSbdkrDOJEkxItD/IRBGcF5a9CjnGDJpoogzKn6BeIx4ghL1W1FlWQuV7JKeo26eVlvdK6qrWZRVxmcgDNwDkxwDVrgHrRBF2DwDF7BG3jXXrQP7VObLVZLWpE5Bn+gff0AQQqkmQ==</latexit>

� = k2
2

3

R5

G
<latexit sha1_base64="Pb6zFwlmJAbRET85Ib8s63+qSwI=">AAACMHicbZDLSsNAGIUnXmu9RV26GSxFVyVpFbsRCi50WcVeoIlhMpm0QycXZiZCCXkEX0a3+h66ErcufQKnaRbaemDg45z/h/mPGzMqpGG8a0vLK6tr66WN8ubW9s6uvrffFVHCMengiEW87yJBGA1JR1LJSD/mBAUuIz13fDnNew+ECxqFd3ISEztAw5D6FCOpLEc/tpga9hC8gGOnDi2fI5zWs7SRFXx7f5alV5mjV4yakQsugllABRRqO/q35UU4CUgoMUNCDEwjlnaKuKSYkaxsJYLECI/RkAwUhiggwk7zgzJYVY4H/YirF0qYu783UhQIMQlcNRkgORLz2dT8N3ODDOaquhHzFvJBIv2mndIwTiQJ8ewjfsKgjOC0PehRTrBkEwUIc6pugXiEVE9SdVxWJZnzlSxCt14zG7X6zWml1SzqKoFDcAROgAnOQQtcgzboAAwewTN4Aa/ak/amfWifs9Elrdg5AH+kff0AUJ+nqw==</latexit>

[Gλ] = Length5,  k2 and Λ are dimensionless
Constraining neutron star tidal Love numbers with gravitational-wave detectors
Flanagan, Éanna É.; Hinderer, Tanja
2008PhRvD..77b1502F

<latexit sha1_base64="FMh0oXi8NNU9uShyTBQBRAZs3d4="></latexit>

� = �Gm

r
� 3GQij

2r3

✓
ninj � �ij

3

◆
+

Eij
2
xixj + . . . <latexit sha1_base64="jOS2UpGDZeJfrpJwTzvHY+vjpGw=">AAACCXicbZDLSgMxGIUz9VbrrerSTbAIruqMeOlGKLhxWcFeYDotmTTThuYyJBmxDH0C1271GdyJW5/CR/AtTNtZaNsDgY9z/p8kJ4wZ1cZ1v53cyura+kZ+s7C1vbO7V9w/aGiZKEzqWDKpWiHShFFB6oYaRlqxIoiHjDTD4e0kbz4SpakUD2YUk4CjvqARxchYyxcdCm/gU4eeqW6x5JbdqeAieBmUQKZat/jT7kmccCIMZkhr33NjE6RIGYoZGRfaiSYxwkPUJ75FgTjRQTp98hieWKcHI6nsEQZO3b8bKeJaj3hoJzkyAz2fTcylWciX2X5iokqQUhEnhgg8uz9KGDQSTmqBPaoINmxkAWFF7RcgHiCFsLHlFWw33nwTi9A4L3tX5cv7i1K1krWUB0fgGJwCD1yDKrgDNVAHGEjwAl7Bm/PsvDsfzudsNOdkO4fgn5yvX1xQmaw=</latexit>

ni = xi/r

<latexit sha1_base64="HU23l8QDpWKNSXlKC3HDybgei2I="></latexit>

⇤ =
2

3
k2

✓
c2R

GM

◆5

=
2

3

k2
�5

https://ui.adsabs.harvard.edu/abs/1909RSPSA..82...73L/abstract
https://ui.adsabs.harvard.edu/abs/2008PhRvD..77b1502F/abstract
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Merger of Point Mass versus Stars

47

no tides

with tides
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<latexit sha1_base64="UwFIekhMA5do7fDBTNF36hkYg98="></latexit>

� (f) = � 9

13

v5

µM4
�̃

Change in the phase of 
the wave at frequency f:

<latexit sha1_base64="7gT0UEeNR+ICnTgZ+NPsouXqvq0="></latexit>

e� =
16

13
[(m1 + 12m2)�1 + (m2 + 12m1)�2]
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The Neutron Star 
Equation of State 

I. The Crust
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Neutron Star Envelope

49

Structure of neutron star envelopes
Gudmundsson, E. H.; Pethick, C. J.; Epstein, R. I.
1983ApJ...272..286G

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1983ApJ...272..286G&db_key=AST&link_type=ABSTRACT&high=4480834fe910631


Dany Page                         Neutron Stars: Structure                             N3AS Summer School, UC Santa Cruz, July 18, 2023

Neutron Star Envelope

49

Structure of neutron star envelopes
Gudmundsson, E. H.; Pethick, C. J.; Epstein, R. I.
1983ApJ...272..286G

Once T << TF 
pressure does not 

depend anymore on T

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1983ApJ...272..286G&db_key=AST&link_type=ABSTRACT&high=4480834fe910631
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Neutron Star Envelope

49

Structure of neutron star envelopes
Gudmundsson, E. H.; Pethick, C. J.; Epstein, R. I.
1983ApJ...272..286G

Once T << TF 
pressure does not 

depend anymore on T

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1983ApJ...272..286G&db_key=AST&link_type=ABSTRACT&high=4480834fe910631
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Growth of pF(e) in the Crust

50

ρ ≈ 104 g cm-3 : 
a ~ aBohr 

matter is totally 
ionized by density

ρ ≈ 106 g cm-3 : 
pFec ~ mec2 

relativistic electrons
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Neutronization of Matter

51

Dense matters tries to reduce energy density by absorbing electrons into protons: 
e- + (N,Z) ➞ νe + (N+1,Z-1)

EF,e assuming 
A=56 & Z=26 

(no neutronization) 
EF,e ≅ mec2 (Z/A ·ρ6)1/3

E
F,

e
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Neutronization of Matter

52

Dense matters tries to reduce energy density by absorbing electrons into protons: 
e- + (N,Z) ➞ νe + (N+1,Z-1)

Neutron Drip: 
ρ ≈ 4 - 7 1011 g cm-3

E
F,

e

EF,e assuming 
A=56 & Z=26 

(no neutronization) 
EF,e ≅ mec2 (Z/A ·ρ6)1/3

EF,e for ground state 
(“catalyzed”) matter
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Cold Catalyzed Matter below Neutron Drip

53

Composition and equation of state of cold catalyzed matter below neutron drip
Haensel, P.; Zdunik, J. L.; Dobaczewski, J.   1989A&A...222..353H
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<latexit sha1_base64="SLaQYH9p3jV25aptKNQDQFumaMQ="></latexit>

Gcell(A,Z, nNuc) = WNuc(A,Z) +WLat(Z, nNuc)

+["e(ne) + P ]/nNuc

Cold catalyzed matter is found 
by minimizing the Gibbs energy 
at a given pressure:

energy of nucleus (A,Z) 
lattice energy por cell 
electron energy density 
total pressure 
nuclide density

<latexit sha1_base64="H5mJivC5dvR2u33vIja3fyGWx9w="></latexit>

WLat(Z, nNuc) = 3PLat(Z, nNuc) = � 9

10

Z2e2

a

<latexit sha1_base64="aZMNTxLn1jgi70we8Gk8EOZnW+w=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0VoUUoi9bERim5ciESwD2xDmEyn7dDJJMxMhBLyP278FRe68IFb/8OkDVirBwbOnHMv997jBoxKZRjvWm5ufmFxKb9cWFldW9/QN7ca0g8FJnXsM1+0XCQJo5zUFVWMtAJBkOcy0nSHF6nfvCdCUp/fqlFAbA/1Oe1RjFQiOfq5Bc+g5XQ8pAbCi0hc4lOfMtyfMq+Qikt3Bz8F1yGOywVHLxoVYwz4l5gZKYIMlqM/d7o+Dj3CFWZIyrZpBMqOkFAUMxIXOqEkAcJD1CfthHLkEWlH41tjuJcoXdjzRfK4gmN1uiNCnpQjz00q0y3lrJeK/3ntUPVO7YjyIFSE48mgXsig8mEaHOxSQbBio4QgLGiyK8QDJBBWSbxpCObsyX9J47BiHleObqrFWjWLIw92wC4oAROcgBq4BBaoAwwewBN4BW/ao/aifWifk9KclvVsg1/Qvr4BWX+nIg==</latexit>

P = Pe(ne) + PLat(Z, nNuc)

<latexit sha1_base64="i2Gx9YAhV/aMP9jzw0qNOJLsIWs=">AAACKHicbVDLSsNAFJ3UV62vqEs3g0VwVRJbHxux4MaVVLAPaGqZTCft0MkkzEwKJeRz3PgrbkQU6dYvcdIGtK0HLhzOuZd773FDRqWyrImRW1ldW9/Ibxa2tnd298z9g4YMIoFJHQcsEC0XScIoJ3VFFSOtUBDku4w03eFt6jdHREga8Ec1DknHR31OPYqR0lLXvBl1HR+pgfDj+wgn8Bo6nkA4tpOYzzm/VjmJK4kTUoieyoWuWbRK1hRwmdgZKYIMta757vQCHPmEK8yQlG3bClUnRkJRzEhScCJJQoSHqE/amnLkE9mJp48m8EQrPegFQhdXcKr+nYiRL+XYd3Vnerpc9FLxP68dKe+qE1MeRopwPFvkRQyqAKapwR4VBCs21gRhQfWtEA+QTkPpbNMQ7MWXl0njrGRflM4fKsVqJYsjD47AMTgFNrgEVXAHaqAOMHgGr+ADfBovxpvxZUxmrTkjmzkEczC+fwADEqZ4</latexit>

vNuc =
1

nNuc
=

3

4
⇡a3

<latexit sha1_base64="8O3c+jadXYwhmpKzDn1AJhUM6Nw="></latexit>

WNuc(A,Z) =

WLat(Z, nNuc) =

"e(ne) =

P =

nNuc =

<latexit sha1_base64="QdmxRhfyf6fm6HLGghkYDUbAci0=">AAACN3icdVDLSsNAFJ34rPVVdelmsAh1UxKtj40guHElFawtNKFMpjd1cDIJM5NCCfkrN/6GO924UMStf+CkZqGtHhg4c+493HuPH3OmtG0/WTOzc/MLi6Wl8vLK6tp6ZWPzRkWJpNCiEY9kxycKOBPQ0kxz6MQSSOhzaPt353m9PQSpWCSu9SgGLyQDwQJGiTZSr3LZ7Lkh0bcyTCGriR+fPXyK3UASmjpZepBhd0gkxIrxSPxrKfcqVbtuj4GniVOQKirQ7FUe3X5EkxCEppwo1XXsWHspkZpRDlnZTRTEhN6RAXQNFSQE5aXjuzO8a5Q+DiJpntB4rP50pCRUahT6pjPfUU3WcvGvWjfRwYmXMhEnGgT9HhQkHOsI5yHiPpNANR8ZQqhkZldMb4nJSpuo8xCcyZOnyc1+3TmqH141qmeNIo4S2kY7qIYcdIzO0AVqohai6B49o1f0Zj1YL9a79fHdOmMVni30C9bnF7A1rZc=</latexit>

Pe(ne) =
1

3
"e(ne) relativistic Fermi-Dirac gas

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1989A%26A...222..353H&db_key=AST&link_type=ABSTRACT&high=45da0efaf405148
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Proton/Neutron Nuclear Potential

54

A CBProtons Neutrons Neutrons
ρ < ρdrip ρ > ρdrip
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Neutron & Proton Densities above Drip Density

55

Neutron star matter at sub-nuclear densities
Negele, J. W.; Vautherin, D.
1973NuPhA.207..298N

<latexit sha1_base64="CGYYi9KssnGrgKdxYPWl4z0k3kI="></latexit>

nsat ' 0.16 fm�3 = 1.6⇥ 1038 cm�3

← baryon density in cm-3

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1973NuPhA.207..298N&db_key=PHY&link_type=ABSTRACT&high=41e34a9d8e21801
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Crust Chemical Composition

56
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Neutron star matter at sub-nuclear densities
Negele, J. W.; Vautherin, D.
1973NuPhA.207..298N

The ground state of matter at high densities: equation of state and stellar models
Baym, Gordon; Pethick, Christopher; Sutherland, Peter
1971ApJ...170..299B

Neutron star matter
Baym, G.; Bethe, H. A.; Pethick, C. J.
1971NuPhA.175..225B

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1973NuPhA.207..298N&db_key=PHY&link_type=ABSTRACT&high=41e34a9d8e21801
http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1971ApJ...170..299B&db_key=AST&link_type=ABSTRACT&high=477e3a444714906
http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1971NuPhA.175..225B&db_key=AST&link_type=ABSTRACT&high=477e3a444714906


57

The Neutron Star 
Equation of State 

II. Pasta Phase and 
Crust-Core Transition 
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Pasta Phase

58

Shape of nuclei in the crust of a neutron star
Hashimoto, M.; Seki, H.; Yamada, M
1984PThPh..71..320H

(a) Spheres
(b) Cylinders 
("spaghettis")

(c) Plates 
("lasagnas")

(d) Tubes 
("anti-spaghettis")

(e) Bubbles 
("Swiss cheese")

Structure of matter below nuclear saturation density
DG Ravenhall, CJ Pethick, JR Wilson
1983PhRvL..50.2066R

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1984PThPh..71..320H&db_key=AST&link_type=ABSTRACT&high=500ee31be102713
http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1983PhRvL..50.2066R&db_key=AST&link_type=ABSTRACT&high=44d922530607541
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Simple Liquid Drop Model Approach (1)

59

Shape of nuclei in the crust of a neutron star
Hashimoto, M.; Seki, H.; Yamada, M
1984PThPh..71..320H

Energy, W, of a cell (= cube of size a) as sum of nuclear bulk, WB,  
nuclear surface, WS, and Coulomb, WC, energies: 

How to determine which shape of nuclear clusters appear and at which densities? 

<latexit sha1_base64="F0Eg6EQH5Kd6p3h/Lmq7CmuoWHU="></latexit>

W = WB +WS +WC +We =wB,in(nin, xp)ua
3 + wB,out(nout)(1� u)a3 + wea

3

�(nin, nout, xp)g(u, s)a
2 + wC(u, s)

Z2

a

bulk nuclear energy density inside cluster 
bulk nuclear energy density outside (dripped neutrons) cluster 
nuclear surface energy density 
area of nuclear cluster 
relative Coulomb energy 
electron energy density

nucleon (n and p) density inside cluster 
nucleon (dripped neutrons) density outside cluster 
proton fraction inside cluster 
fractional volume of cluster 
shape of cluster 
electron density

<latexit sha1_base64="ZgmSrwj5LHUhGM/P7sjFuyHcnoI="></latexit>

wB,in(nin, xp) =

wB,out(nout) =

�(nin, nout, xp) =

g(u, s) =

wC(u, s) =

we(ne) =

<latexit sha1_base64="1/bD2EfLQ/5kN4NDcEh7hJ9g814=">AAACNXicbZBNS8MwGMdTX2d9q3r0EhyKp9GKL7sIAy8ePExwL7CWkmbpFpamJUnFUfalvPg9POnBgyJe/QqmW0XdfCDkx/95HpL/P0gYlcq2n425+YXFpeXSirm6tr6xaW1tN2WcCkwaOGaxaAdIEkY5aSiqGGkngqAoYKQVDC7yfuuWCEljfqOGCfEi1OM0pBgpLfnWFffdCKm+iDLKR/Dg3HRdaP6IcapyFWrZvPOTb0wnk6Ysbu4TTb5Vtiv2uOAsOAWUQVF133p0uzFOI8IVZkjKjmMnysuQUBQzMjLdVJIE4QHqkY5GjiIivWzsegT3tdKFYSz04QqO1d8bGYqkHEaBnszNyOleLv7X66QqrHo6jiRVhOPJQ2HKoIphHiHsUkGwYkMNCAuq/wpxHwmElQ7a1CE405ZnoXlUcU4rJ9fH5Vq1iKMEdsEeOAQOOAM1cAnqoAEwuAdP4BW8GQ/Gi/FufExG54xiZwf8KePzCwuYpfU=</latexit> nin =

nout =

xp =

u =

s =

ne =

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1984PThPh..71..320H&db_key=AST&link_type=ABSTRACT&high=500ee31be102713
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Simple Liquid Drop Model Approach (2)

60

Shape of nuclei in the crust of a neutron star
Hashimoto, M.; Seki, H.; Yamada, M
1984PThPh..71..320H

Energy, W, of a cell (= cube of size a) as sum of nuclear bulk, WB,  
nuclear surface, WS, and Coulomb, WC, energies: 

How to determine which shape of nuclear clusters appear and at which densities? 

<latexit sha1_base64="F0Eg6EQH5Kd6p3h/Lmq7CmuoWHU="></latexit>

W = WB +WS +WC +We =wB,in(nin, xp)ua
3 + wB,out(nout)(1� u)a3 + wea

3

�(nin, nout, xp)g(u, s)a
2 + wC(u, s)

Z2

a

Minimize energy density: 
<latexit sha1_base64="9bh/xe83WTb9y2czMqE1P7LMUBA="></latexit>

@

@a


W

a3

�

nin,nout,xp,u

= 0 =) WS = 4WC

Beta decay stability:

Minimize Charge neutrality: <latexit sha1_base64="0uUV53GuAq9N2BHm5b14TVfCZ0g=">AAACBHicbVDLSgMxFM34rPU16rKbYBFcSJkRH90IBTcuK9gHdIYhk2ba0CQzJBmxDF248VfcuFDErR/hzr8x085CWw8EDufcS+45YcKo0o7zbS0tr6yurZc2yptb2zu79t5+W8WpxKSFYxbLbogUYVSQlqaakW4iCeIhI51wdJ37nXsiFY3FnR4nxOdoIGhEMdJGCuzKQ5DAFHonIvA40kPJMyom8AqKgAR21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmZFL2UkUShEdoQHqGCsSJ8rNpiAk8MkofRrE0T2g4VX9vZIgrNeahmcwPVfNeLv7n9VId1X2TKkk1EXj2UZQyqGOYNwL7VBKs2dgQhCU1t0I8RBJhbXormxLc+ciLpH1acy9q57dn1Ua9qKMEKuAQHAMXXIIGuAFN0AIYPIJn8ArerCfrxXq3PmajS1axcwD+wPr8AZ96l20=</latexit>xpunin = ne

<latexit sha1_base64="7hIgwdCctcwAhZ+DScjvzbZqe/w=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGVgSpBPLogVWJhQkWiD6kNkeM6rVXHiWwHqYo6s/ArLAwgxMoXsPE3OGkGaDmS5XPPuVf2PV7EqFSW9W0UFhaXlleKq6W19Y3NLXN7pyXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3SV+u0HIiQN+Z0aR8QJ0IBTn2KktOSa+70gdgm8hOnN75PKzdEEHmdVNK1cs2xVrQxwntg5KYMcDdf86vVDHAeEK8yQlF3bipSTIKEoZmRS6sWSRAiP0IB0NeUoINJJslUm8FArfeiHQh+uYKb+nkhQIOU48HRngNRQznqp+J/XjZVfcxLKo1gRjqcP+TGDKoRpLrBPBcGKjTVBWFD9V4iHSCCsdHolHYI9u/I8aZ1U7fPq2e1puV7L4yiCPXAAKsAGF6AOrkEDNAEGj+AZvII348l4Md6Nj2lrwchndsEfGJ8/jXCY4w==</latexit>

µe = µ(N)
n � µ(N)

p

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1984PThPh..71..320H&db_key=AST&link_type=ABSTRACT&high=500ee31be102713
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Simple Liquid Drop Model Approach (3)

61

Shape of nuclei in the crust of a neutron star
Hashimoto, M.; Seki, H.; Yamada, M
1984PThPh..71..320H

Final solution: 

compare W  
at given density 

for different 
shapes

SPHERE

CYLINDER
PLATE

CYLINDRICAL 
HOLE

SPHERICAL 
HOLE

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1984PThPh..71..320H&db_key=AST&link_type=ABSTRACT&high=500ee31be102713
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Improved Liquid Drop Model Approach

62

Neutron star crusts
CP Lorentz, DG Ravenhall & CJ Pethick
1993PhRvL..70..379L

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1993PhRvL..70..379L&db_key=AST&link_type=ABSTRACT&high=44d922530607983
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Molecular Dynamics Approach

63

Colloquium: Astromaterial Science and Nuclear Pasta 
Caplan, M. E.; Horowitz, C. J.
2017RvMP...89d1002C

https://ui.adsabs.harvard.edu/#abs/2017RvMP...89d1002C/abstract
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Deep Crust EOS

64
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Equation of State and Neutron Star Properties Constrained by Nuclear Physics and Observation 
Hebeler, K.; Lattimer, J. M.; Pethick, C. J.; Schwenk, A.         2013ApJ...773...11H
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Deep Crust EOS

65
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The Neutron Star 
Equation of State 

III. The Core
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Symmetric/Neutron Matter: Symmetry Energy

67

Baryon density n
Ne

ut
ro

n 
m

at
te

r

Sym
metr

ic 
matt

er

E(n
,x=

1/2
) =

 E0(χ
)

E(
n,x

=0
)

S0 = 25-35 MeV

B = -16 MeV n0 = 0.16 fm-3

Curvature at n0: 
compression modulus K0

x = np/n = proton fraction = Z/A
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Α Simple Parametrization of E(n,x) near n=n0

68

E0(�) = mB +B +
K0

18
(u� 1)2 = mB +B +

1

2
K0�

2

for neutron matter, δ=1 :

at saturation density n = n0: P0 =
1

3
n0L

Energy density:

n = baryon density

Nucleon pressure:

Energy per baryon of 
  symmetric matter:

Symmetry energy:
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n0 ⌘ nsat ' 0.16 fm�3

P0 is the dominant ingredient that 
determines R at 1.4 M⦿  
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u =
n

n0
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PN =
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[Ku3 + (3L�K)u2] with K ⌘ K0 +Ksym

<latexit sha1_base64="N4araFVpPf8sVBq8YCJm4W3IJ6Y="></latexit>

S(�) = S0 + L�+
1

2
Ksym�

2

<latexit sha1_base64="ZziQmfLerknXjDqW3a9qJtFNut0="></latexit>

"N = nE(n, x) = n
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Nuclear Constraints on Models

69

1. Nuclear saturation density: 

2. Binding energy per nucleon: 

3. Compression modulus: 

4. Symmetry energy: 

5. Slope of symmetry energy: 

6. Nucleon effective mass: 

<latexit sha1_base64="czK05U/Ta4LCuIKmlA00QFCrT+k="></latexit>
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����
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����
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S0 ⌘ 1

2

@2E

@�2

����
�=0

= 2
@2E

@x2

����
x=1/2

= 25� 35 MeV

L ⌘ dS

d�
= 40� 120 MeV

m⇤ = 0.8mB

(Notice: L is in pure neutron matter, all other ones are in symmetric matter)
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Analytical Fit to Microscopic Calculations

70

Energy density:
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i
when going to high densities it is convenient to separate the potential and kinetic energies: 
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Beta equilibrium:
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Equation of state for dense nucleon matter
Wiringa, R. B.; Fiks, V.; Fabrocini, A.
1988PhRvC..38.1010W

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1988PhRvC..38.1010W&db_key=AST&link_type=ABSTRACT&high=477e3a444713814
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E(n) for APR EOS

71

Equation of state of nucleon matter and neutron star structure
Akmal, A.; Pandharipande, V. R.; Ravenhall, D. G.
1998PhRvC..58.1804A

SNM = symmetric nuclear matter PNM = pure neutron matter

A18 = Argonne v18 2-body interaction 
δv = relativistic "boost" correction 
UIX = Urbana IX model of 3-body interaction 
            and a modified version: UIX*

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1998PhRvC..58.1804A&db_key=AST&link_type=ABSTRACT&high=477e3a444713427
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E(n) for WFF EOS

72

Equation of state for dense nucleon matter
Wiringa, R. B.; Fiks, V.; Fabrocini, A.
1988PhRvC..38.1010W

Symmetric nuclear matter Pure neutron matter

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=1988PhRvC..38.1010W&db_key=AST&link_type=ABSTRACT&high=477e3a444713814
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E(n) for WFF & APR EOSs

73

WFF APR
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A Sample of EOSs and M-R Curves
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The Nuclear Equation of State and Neutron Star Masses
Lattimer, James M.
2012ARNPS..62..485L

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2012ARNPS..62..485L&db_key=PHY&link_type=ABSTRACT&high=4e91ed5ac729392
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EOS Comparison at Low Densities

75

Neutron Star Structure and the Equation of State
Lattimer, J. M.; Prakash, M.
2001ApJ...550..426L

In 2001 there was 
a factor SEVEN 
uncertainty in the 
pressure at saturation 
density for neutron 
matter !

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2001ApJ...550..426L&db_key=AST&link_type=ABSTRACT&high=41e34a9d8e05344
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A Sample of EOSs and M-R Curves
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Neutron Star Structure and the Equation of State
Lattimer, J. M.; Prakash, M.
2001ApJ...550..426L

Maximum mass is 
determined by P 
at the highest densities

Uncertainty on 
the neutron star 
radius around 
1.4 M⦿ directly  
correlate with 
uncertainty on P 
at 1-2 n0 !

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2001ApJ...550..426L&db_key=AST&link_type=ABSTRACT&high=41e34a9d8e05344
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Relativistic Mean Field Models: Toy Models

77
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!µ :

⇢aµ :
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 N =

✓
 p

 n

◆
and  p,  n : nucleon field (4D Dirac spinor x 2D isospin (p,n)).

scalar field, simulates 2-pion exchange: medium range attraction. 
vector field: short range repulsion (known particle). 
vector-isovector field: iso-spin dependence (distinguish n from p, known particle).

<latexit sha1_base64="i0fv4toyhut5bpiEEiPB5fnNdEg=">AAACInicbVDLSgMxFM3UV62vUZdugkVwUcqM+Ki7ghuXFWwtdIaSSdNpaB5DkhHK0G9x46+4caGoK8GPMW0H0dYDgXPPuZfce6KEUW0879MpLC2vrK4V10sbm1vbO+7uXkvLVGHSxJJJ1Y6QJowK0jTUMNJOFEE8YuQuGl5N/Lt7ojSV4taMEhJyFAvapxgZK3Xdy7gbaBpzVIFBBdpCchL/FGogpzSCAQw4MgPFMyR6Yyvhrlv2qt4UcJH4OSmDHI2u+x70JE45EQYzpHXH9xITZkgZihkZl4JUkwThIYpJx1KBONFhNj1xDI+s0oN9qewTBk7V3xMZ4lqPeGQ7J3vqeW8i/ud1UtOvhRkVSWqIwLOP+imDRsJJXrBHFcGGjSxBWFG7K8QDpBA2NtWSDcGfP3mRtE6q/nn17Oa0XK/lcRTBATgEx8AHF6AOrkEDNAEGD+AJvIBX59F5dt6cj1lrwcln9sEfOF/fP9mhow==</latexit>

g�, g!, g⇢, b and c5 parameters:                                allow to fit 5 observable: n0, B, K0, S0, m*.

Dense Matter in Compact Stars: Theoretical Developments and Observational Constraints
Page, Dany; Reddy, Sanjay
2006ARNPS..56..327P

Compact Stars, Nuclear Physics, Particle Physics, and general relativity
N.K. Glendenning, 2nd edition (Springer Verlagm New York, 2000)
2000csnp.conf.....G

Adding more meson interactions in U (as ω4, ρ4, σ2ρ2, ω2ρ2, ...) provides richer models, 
in particular they allow to reproduce results from serious microscopic calculations (APR, ...): 

<latexit sha1_base64="+Xee5Fk9d2kODBLCHo9DnoUNdo0=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey2CG8uMeOlGKLhxVSrYC3TGIZNm2tAkMyQZoQxdu/FV3LhQxK1P4M63MW1noa0/BD7+cw4n5w8TRpV2nG9rYXFpeWW1sFZc39jc2rZ3dpsqTiUmDRyzWLZDpAijgjQ01Yy0E0kQDxlphYPrcb31QKSisbjTw4T4HPUEjShG2liBfcDvPaR0UINXkAe1k16QeYr2OIK10RQCu+SUnYngPLg5lECuemB/ed0Yp5wIjRlSquM6ifYzJDXFjIyKXqpIgvAA9UjHoECcKD+bnDKCR8bpwiiW5gkNJ+7viQxxpYY8NJ0c6b6arY3N/2qdVEcVP6MiSTUReLooShnUMRznArtUEqzZ0ADCkpq/QtxHEmFt0iuaENzZk+eheVp2L8rnt2elaiWPowD2wSE4Bi64BFVwA+qgATB4BM/gFbxZT9aL9W59TFsXrHxmD/yR9fkDDj6Z2w==</latexit>

m⇤
N = mN � g�N� <latexit sha1_base64="q4eZ1GWNVtvUh8oxNREi44gtdxs=">AAACNnicbVDLSgMxFM3UV62vqks3wSK4scyIj26Eghs3QgX7gE4ZMmnahiaZIY9CGfpVbvwOd924UMStn2DaDtiHBwKHc87l5p4wZlRp1x07mbX1jc2t7HZuZ3dv/yB/eFRTkZGYVHHEItkIkSKMClLVVDPSiCVBPGSkHvbvJ359QKSikXjWw5i0OOoK2qEYaSsF+Ud/QHDiy140ChKfG1+Y0R30YyQ1RSywCpxLWBde/Jli0eQmyBfcojsFXCVeSgogRSXIv/ntCBtOhMYMKdX03Fi3kskCzMgo5xtFYoT7qEualgrEiWol07NH8MwqbdiJpH1Cw6k6P5EgrtSQhzbJke6pZW8i/uc1je6UWgkVsdFE4NmijmFQR3DSIWxTSbBmQ0sQltT+FeIekghr23TOluAtn7xKapdF76Z4/XRVKJfSOrLgBJyCc+CBW1AGD6ACqgCDFzAGH+DTeXXenS/nexbNOOnMMViA8/MLYAuuGA==</latexit>~⇢µ⌫ = @µ~⇢⌫ � @⌫~⇢µ

<latexit sha1_base64="GodJwFIu+mHuOvwvk3VfF/m0aBE=">AAACLHicbZDLSgMxFIYz9VbrbdSlm2AR3FhmxEs3QqEblxXsBTplyKRpG5pkhlyEMvSB3PgqgriwiFufw7QdsLYeCPz83zlJzh8ljCrteRMnt7a+sbmV3y7s7O7tH7iHRw0VG4lJHccslq0IKcKoIHVNNSOtRBLEI0aa0bA65c0nIhWNxaMeJaTDUV/QHsVIWyt0q0HMSR+FacBNIMwY3sEgQVJTxEJrwQxbBC8WiPgl3IRu0St5s4Krws9EEWRVC923oBtjw4nQmCGl2r6X6E46vRwzMi4ERpEE4SHqk7aVAnGiOuls2TE8s04X9mJpj9Bw5i5OpIgrNeKR7eRID9Qym5r/sbbRvXInpSIxmgg8f6hnGNQxnCYHu1QSrNnICoQltX+FeIAkwtrmW7Ah+Msrr4rGZcm/KV0/XBUr5SyOPDgBp+Ac+OAWVMA9qIE6wOAZvIIPMHFenHfn0/mat+acbOYY/Cnn+we8gKh+</latexit>

!µ⌫ = @µ!⌫ � @⌫!µDirac effective mass: <latexit sha1_base64="M2x4cXScFz3Y3SF3fIYA333MlUI=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0WoCCXRqt0IRTeuSgX7gLaGyXSSDp1JwsxEKKH/48ZfcaELH7j1P5y2WWjbAxcO59zLvfe4EaNSWdankVlaXlldy67nNja3tnfM3b2GDGOBSR2HLBQtF0nCaEDqiipGWpEgiLuMNN3BzdhvPhIhaRjcq2FEuhz5AfUoRkpLjnldL3Qk9Tk6voIu5E4VFnwnmUqwOkq9hzN4AvFiq+SYeatoTQDniZ2SPEhRc8zXTi/EMSeBwgxJ2batSHUTJBTFjIxynViSCOEB8klb0wBxIrvJ5NcRPNJKD3qh0BUoOFH/TiSISznkru7kSPXlrDcWF3ntWHnlbkKDKFYkwNNFXsygCuE4ONijgmDFhpogLKi+FeI+EggrHW9Oh2DPvjxPGqdF+6J4flfKV8ppHFlwAA5BAdjgElTALaiBOsDgCbyAd/BhPBtvxpfxPW3NGOnMPvgH4+cXFoClKg==</latexit>
U(�) = bmN (g�N�)3 + c(g�N�)4

<latexit sha1_base64="oecgzs6xlwQdkt9QH+vCYUac2to="></latexit>

U (�,!, ~⇢) = bm (g��)
3 + c (g��)

4 � d
�
g2! !µ!

µ
�2 � e

�
g2⇢ ~⇢µ · ~⇢µ

�2 �
⇥
f
�
g2� �

2
�
+ h

�
g2! !µ!

µ
�⇤ �

g2⇢ ~⇢µ · ~⇢µ
�

<latexit sha1_base64="wE8xBcT+7/JxTRQtOJ3bcffjxqg="></latexit>

LN =  N (i�µ@µ �m⇤
N � g!N�µ!µ � g⇢N�µ~⌧N · ~⇢µ) N

+
1

2
@µ�@

µ� � 1

2
m2

��
2 � U(�)

� 1

4
!µ⌫!

µ⌫ +
1

2
m2

!!µ!
µ � 1

4
~⇢µ⌫ · ~⇢µ⌫ +

1

2
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⇢~⇢µ · ~⇢µ

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2006ARNPS..56..327P&db_key=PHY&link_type=ABSTRACT&high=44d922530603059
https://ui.adsabs.harvard.edu/#abs/2000csnp.conf.....G/abstract
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<latexit sha1_base64="oecgzs6xlwQdkt9QH+vCYUac2to="></latexit>

U (�,!, ~⇢) = bm (g��)
3 + c (g��)

4 � d
�
g2! !µ!

µ
�2 � e

�
g2⇢ ~⇢µ · ~⇢µ

�2 �
⇥
f
�
g2� �

2
�
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�
g2! !µ!

µ
�⇤ �

g2⇢ ~⇢µ · ~⇢µ
�

<latexit sha1_base64="gJzkWWR0Kxrz2vwZqkJIPnQdWrM="></latexit>

- ~ = c = 1 and we measure everything in MeV, xµ is in MeV�1.
- L has units of MeV4 so that S =

R
dx4L has units of action, i.e., ~ = 1.

- �µ and ~⌧ are just dimensionless matrices.
- m and all masses are in MeV, @µ or @µ are in MeV.
-  is in MeV3/2.
- �, ! and ⇢ are in MeV.
- g�, g!, and g⇢ are dimensionless.
- b, c, d, e, f , and h are dimensionless.

<latexit sha1_base64="wE8xBcT+7/JxTRQtOJ3bcffjxqg="></latexit>

LN =  N (i�µ@µ �m⇤
N � g!N�µ!µ � g⇢N�µ~⌧N · ~⇢µ) N

+
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µ⌫ +
1

2
m2
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µ � 1

4
~⇢µ⌫ · ~⇢µ⌫ +

1

2
m2

⇢~⇢µ · ~⇢µ
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<latexit sha1_base64="NSHcD2BqFyYgPf3yqv2QIMx9Q9Q="></latexit>�
⇤+m2

�

�
�(x) + 3bmg3��

2(x) + 4c g4��
3(x)� 2fg2�g

2
⇢ ~⇢µ(x) · ~⇢µ(x)�(x) = g� N (x) N (x)

<latexit sha1_base64="oecgzs6xlwQdkt9QH+vCYUac2to="></latexit>

U (�,!, ~⇢) = bm (g��)
3 + c (g��)

4 � d
�
g2! !µ!

µ
�2 � e

�
g2⇢ ~⇢µ · ~⇢µ

�2 �
⇥
f
�
g2� �

2
�
+ h

�
g2! !µ!

µ
�⇤ �

g2⇢ ~⇢µ · ~⇢µ
�

For mesons with the non-linear meson interactions:

Euler-Lagrange equations:
<latexit sha1_base64="b+rDCrg6C1p8JfsMhkuMGynrHew="></latexit>

@L
@�(x)

= @µ
@L

@(@µ�(x))

<latexit sha1_base64="kNWQgcEpBgIfIKZMBZSJUFP4BIo="></latexit>�
⇤+m2

!

�
!µ(x) + 4d g4! !⌫(x)!

⌫(x)!µ(x) + 2hg2!g
2
⇢ ~⇢µ(x) · ~⇢µ(x)!µ(x) = g! N (x)�µ N (x)

<latexit sha1_base64="QR0Dwx4sj7/WZPxcg9MXcZa3tHo="></latexit>
i�µ@

µ �m+ g��(x)� g!�µ!
µ(x)� 1

2
g⇢�µ~⌧ · ~⇢µ(x)

�
 N (x) = 0

[i�µ@
µ �m�] �(x) = 0

For nucleons and leptons:

<latexit sha1_base64="f4nZ8zjenjxc6+eO+P3NVa2TVMI="></latexit>�
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<latexit sha1_base64="sV6+YW1UgzfO96sbnI5Jyhr8G5Q="></latexit>

�(x) �! h�(x)i ⌘ �

!µ(x) �! h!µ(x)i ⌘ !µ

⇢aµ(x) �! h⇢aµ(x)i ⌘ ⇢aµ

Replace all meson fields by their 
space-time averages = 

<latexit sha1_base64="1e4DJIrODK2/msF4JXZ3miKD3qE=">AAAB/nicbVDLSgMxFM34rPVVFVdugkVwVWbER5cFNy4r2Ad0hpJJb9vQTGZI7ghlKPgrblwo4tbvcOffmLaz0NYDgZNz7iE3J0ykMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41RwaPJaxbofMgBQKGihQQjvRwKJQQisc3U791iNoI2L1gOMEgogNlOgLztBK3dKxL5kaSKB+L0ZDfT27dUtlt+LOQJeJl5MyyVHvlr5snqcRKOSSGdPx3ASDjGkUXMKk6KcGEsZHbAAdSxWLwATZbP0JPbNKj/ZjbY9COlN/JzIWGTOOQjsZMRyaRW8q/ud1UuxXg0yoJEVQfP5QP5UUYzrtgvaEBo5ybAnjWthdKR8yzTjaxoq2BG/xy8ukeVHxritX95flWjWvo0BOyCk5Jx65ITVyR+qkQTjJyDN5JW/Ok/PivDsf89EVJ88ckT9wPn8A80GVdw==</latexit>

h. . . i

<latexit sha1_base64="DIiLwafsNJi/2L+Di3vj6LgodHE=">AAACGHicbVDJSgNBEO1xjXEb9eilMQgKEmfEJceAF48RjAqZEHo6lUljL0N3TyQM+Qwv/ooXD4p4zc2/sRPn4Pag4PFeFVX14pQzY4Pgw5uZnZtfWCwtlZdXVtfW/Y3Na6MyTaFJFVf6NiYGOJPQtMxyuE01EBFzuInvzif+zQC0YUpe2WEKbUESyXqMEuukjn8YKQEJ6UQiwxFXMtEs6VuitbrHeK8wgwMcDYDmwWi/41eCajAF/kvCglRQgUbHH0ddRTMB0lJOjGmFQWrbOdGWUQ6jcpQZSAm9Iwm0HJVEgGnn08dGeNcpXdxT2pW0eKp+n8iJMGYoYtcpiO2b395E/M9rZbZXa+dMppkFSb8W9TKOrcKTlHCXaaCWDx0hVDN3K6Z9ogm1LsuyCyH8/fJfcn1UDU+rJ5fHlXqtiKOEttEO2kMhOkN1dIEaqIkoekBP6AW9eo/es/fmvX+1znjFzBb6AW/8CcN1n4s=</latexit>

!µ �! (!0,~0)
<latexit sha1_base64="2Zxz2Mt5BE2PreWgmWj8gBjKctM=">AAACGHicbVDJSgNBEO2JW4xb1KOXxiBEkDgjLjkGvHiMYBbIJKGm00ma9HQP3T2RMOQzvPgrXjwo4jU3/8bOctDog4LHe1VU1QsizrRx3S8ntbK6tr6R3sxsbe/s7mX3D6paxorQCpFcqnoAmnImaMUww2k9UhTCgNNaMLid+rUhVZpJ8WBGEW2G0BOsywgYK7Wz577qy7Yfxi3APpeip1ivb0Ap+Yhxfma6LTjD/pCSxB2ftrM5t+DOgP8Sb0FyaIFyOzvxO5LEIRWGcNC64bmRaSagDCOcjjN+rGkEZAA92rBUQEh1M5k9NsYnVungrlS2hMEz9edEAqHWozCwnSGYvl72puJ/XiM23WIzYSKKDRVkvqgbc2wknqaEO0xRYvjIEiCK2Vsx6YMCYmyWGRuCt/zyX1K9KHjXhav7y1ypuIgjjY7QMcojD92gErpDZVRBBD2hF/SG3p1n59X5cD7nrSlnMXOIfsGZfAPAJp+J</latexit>

⇢aµ �! (⇢a0 ,~0)
Rotational symmetry: no spacial components of vector fields:

In the ground state, Fermi seas of neutrons and protons have definite charge and isospin 
(determined by beta equilibrium) 

<latexit sha1_base64="gGbpSt2sQ4FFtjAPp7R45MPTnF4=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyyCG8tM8VIoQsGNywr2Ap06ZNLMNDSTDElGKUOfwo2v4saFIm7FnW9jehG09YfAx3/O4eT8QcKo0o7zZS0sLi2vrObW8usbm1vb9s5uQ4lUYlLHggnZCpAijHJS11Qz0kokQXHASDPoX47qzTsiFRX8Rg8S0olRxGlIMdLG8u1jjwkeSRr1NJJS3EPoVbwK9GRP+M6tCy9+sGTQ8e2CU3TGgvPgTqEApqr59qfXFTiNCdeYIaXarpPoToakppiRYd5LFUkQ7qOItA1yFBPVycZnDeGhcbowFNI8ruHY/T2RoVipQRyYzhjpnpqtjcz/au1Uh+VORnmSasLxZFGYMqgFHGUEu1QSrNnAAMKSmr9C3EMSYW2SzJsQ3NmT56FRKrpnxdPrk0K1PI0jB/bBATgCLjgHVXAFaqAOMHgAT+AFvFqP1rP1Zr1PWhes6cwe+CPr4xuHop0B</latexit>

�! ⇢10 = ⇢20 = 0

<latexit sha1_base64="rLsvMbZE1nl86sUHRFaYdD9Fp50="></latexit>

�, !0 ⌘ !, and ⇢30 ⌘ ⇢When calculating ground-state properties of dense 
matter only 3 of the meson field components survive:

At a given density σ, ω, and ρ are just numbers
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<latexit sha1_base64="EXRAWTLQAsKNmkdWHqr9fCkGnaQ="></latexit>

Look for a plane wave solution  (x) = e�ikµxµ�(k) and let’s write

Kµ ⌘ kµ�g!!
µ� g⇢

2
~⌧ ·~⇢µ and m⇤ ⌘ m�g�� so that [�µK

µ�m⇤]� = 0

then
KµK

µ = m⇤2 and E( ~K) ⌘ K0 =
p
KiKi +m⇤2

and the baryons’ energy is

e(~k) ⌘ k0 = E( ~K) + g!!
0 +

g⇢
2
~⌧ · ~⇢0 = E( ~K) + g!! + g⇢⇢I3

with I3 = +1/2 for protons and = �1/2 for neutrons.

Nucleons Fermi energies 
and chemical potentials:

<latexit sha1_base64="L5oROpG89g3Qmo+i4D7t08cLbeM="></latexit>
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1

2
g⇢⇢

EFn = µn(T = 0) =
q
k2F +m⇤2 + g!! � 1

2
g⇢⇢
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Take the meson equations and replace meson fields by their mean values, 
evaluate the rhs by filling the nucleon Fermi sees to get:

<latexit sha1_base64="DYdfjcAk2K5MBJBhAW8dqgdd7ls=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBEEoiProRim5cVrAPaEOYTCft0MkkzEyEUoobf8WNC0Xc+hXu/BsnbRbaeuAOh3Pu5c49QcKZ0o7zbS0sLi2vrBbWiusbm1vb9s5uQ8WpJLROYh7LVoAV5UzQumaa01YiKY4CTpvB4Cbzmw9UKhaLez1MqBfhnmAhI1gbybf3OyqN/GskTF2ZNzkRvshY0bdLTtmZAM0TNyclyFHz7a9ONyZpRIUmHCvVdp1EeyMsNSOcjoudVNEEkwHu0bahAkdUeaPJCWN0ZJQuCmNpSmg0UX9PjHCk1DAKTGeEdV/Nepn4n9dOdVjxRkwkqaaCTBeFKUc6RlkeqMskJZoPDcFEMvNXRPpYYqJNalkI7uzJ86RxWnYvyud3Z6VqJY+jAAdwCMfgwiVU4RZqUAcCj/AMr/BmPVkv1rv1MW1dsPKZPfgD6/MHBEyVOw==</latexit>X

B

nB = np + nn = n
<latexit sha1_base64="mzxeUC5ovRJA5CXcxQxMtiTzbTE=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpC0tSfHQjFN3oroJ9QBPCZDpph04mYWYilJA/cOOvuHGhiFu37vwbp20WWj1w4HDOvczc48eMSmVZX0ZhYXFpeaW4Wlpb39jcMrd32jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxR1eTvHNPhKQRv1PjmLghGnAaUIyUtjzz0JFJ6F3CG02ueQGdQCCc2llay2CFe/Ex9/iRZ5atqjUF/CvsXJRBjqZnfjr9CCch4QozJGXPtmLlpkgoihnJSk4iSYzwCA1IT0uOQiLddHpPBg+004dBJDS5glP350aKQinHoa8nQ6SGcj6bmP9lvUQFdTelPE4U4Xj2UJAwqCI4KQf2qSBYsbEWCAuq/wrxEOk+lK6wpEuw50/+K9q1qn1WPb09KTfqeR1FsAf2QQXY4Bw0wDVoghbA4AE8gRfwajwaz8ab8T4bLRj5zi74BePjG7rXmpA=</latexit>X
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Relativistic Mean Field Models: 
Final Set of Equations

83

Take the meson equations and replace meson fields by their mean values, 
evaluate the rhs by filling the nucleon Fermi sees to get:
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Also solve for  
baryon number 
charge neutrality 
and beta equilibrium 
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(4) 
(5) 
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7 equations for 7 unknowns: 

depending on one input: 
baryon density n. 
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Iterate on a series of baryon densities to get an EOS (after calculating ε and P)
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Relativistic Mean Field Models: 
The Equation of State (EOS)

84

Energy momentum tensor:

Mean field Lagrangian:

Mean field ε and P:
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Hyperons 
in 

Neutron Stars
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Hyperons in Neutron Stars ?

86

Thick lines: Walecka type model                                                Thin lines: free gases

Dense Matter in Compact Stars: Theoretical Developments and Observational Constraints, 
Page D. & Reddy S., 2006, Annu. Rev. Nucl. Part. Sci.  56, 327
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Hyperons in Neutron Stars ?
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Neutron stars are giant hypernuclei ?

N.K. Glendenning, ApJ 293, 470 (1985)
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Maximum Mass with Hyperons (1)

88

Maximum mass of neutron stars
Schulze, H.-J.; Polls, A.; Ramos, A.; Vidaña, I.
2006PhRvC..73e8801S

Brückner-Hartree-Fock calculations: 
Argonne V18 : NN interaction 
GLMM or UIX NN : three-body forces 
NSC89 (NN+NY) and NSC97 (NN+NY+YY) : Nijmegen soft-core

1.5

1.0

2.0

0.0

0.5

M
/M
☉

   
   

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2006PhRvC..73e8801S&db_key=AST&link_type=ABSTRACT&high=4480834fe910884
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Maximum Mass with Hyperons (2)
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Estimation of the effect of hyperonic three-body forces on the maximum mass of neutron stars
Vidaña, I.; Logoteta, D.; Providência, C.; Polls, A.; Bombaci, I.    2011EL.....9411002V

1 and 2 : no hyperons, 2 models of 
               three-body forces. 
4: with hyperons and NNN TBF. 
3: with hyperons and TBF: 
                 NNN NNY,NYY, YYY

Simple model (Skyrme-like) 
model of three-body forces.

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2011EL.....9411002V&db_key=PHY&link_type=ABSTRACT
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Maximum Mass with Hyperons (3): 
A Successful Model

90

Hyperons in neutron-star cores and a 2 Msun pulsar
Bednarek, I.; Haensel, P.; Zdunik, J. L.; Bejger, M.; Mańka, R.
2012A&A...543A.157B

Recipe for success: 
- Non-linear self-interactions for mesons (4-th degree) 
- Include strange mesons that do not couple to nucleons

http://adsabs.harvard.edu/cgi-bin/nph-data_query?bibcode=2012A%26A...543A.157B&db_key=AST&link_type=ABSTRACT&high=506b4da3f218547
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Quark Matter 
in 

Neutron Stars
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The QCD Phase diagram
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Pressure: Quark Matter vs Nucleons
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The Interior of 
Neutron Stars 
is one of the 

Best Kept Secrets 
of the Universe

Tomorrow's 
Lecture: 

not all of this 
theory is 
Fairy Tale 
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