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Introducing the QKEs

e |n order to describe the evolution of a statistical ensemble of neutrinos:
combination of kinetic theory and guantum mechanics.

! !

Boltzmann equation Flavor mixing

* (Generalization of the distribution functions: the “density matrix”
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Introducing the QKEs

e |n order to describe the evolution of a statistical ensemble of neutrinos:
combination of kinetic theory and guantum mechanics.

! !

Boltzmann equation Flavor mixing

* (Generalization of the distribution functions: the “density matrix”

fl/e <&le &Ve> <&l’u é\Ll/e> <&ZT &Ve>
fV,UJ — <&I-‘;e &V,u> <&i,u &Vu> <&l1;7- &Vu>
Ju- (al, av.) (af,ay) (a a,)

e Evolution equation: the Quantum Kinetic Equation

( — [Hvac =+ Hmat =+ Hselfa Q] -+ iI(Qa @)




Derivation of the QKE

Various approaches to derive the Quantum Kinetic Equation:
» Perturbative expansion [G. Sigl, G. Raffelt, Nucl. Phys. B 406, 423 (1993)]
» Close Time Path formalism [D. Blaschke, V. Cirigliano, Phys. Rev. D 94, 033009 (2016)]

» Extended BBGKY hierarchy [JF, C. Pitrou, M.C. Volpe, JCAP 12, 015 (2020)]

Central object: s-body reduced density matrix

i1cis — ot AT A o
Oy gy = A, - G gy - g,

In particular, one-body density matrix oh = <5L;r~&7;>

i (Pishi A = A ~ : oy
(Qij((%j,hj)) — <a$sj (), hy) ag, (Di; hz)>) species, momentum, helicity



Extended BBGKY formalism

Hierarchy of equations

 Hamiltonian (second guantization)

i 1
H HO + Hmt — Z tz T Z Z j
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IC. Volpe et al., Phys. Rev. D87 (2015)] Kinetic term Two-body interactions
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Extended BBGKY formalism

Hierarchy of equations

 Hamiltonian (second guantization)

NP | y
H=Ho+ Huw =) a0+ 7 > 0
i7j7k7l

1,7 T

[C. Volpe et al., Phys. Rev. D 87 (2013)]

kaTafs o
| @y ApAiQ;

T

Kinetic term Two-body interactions

» BBGKY hierarchy ~ Need to fruncate this hierarchy ™

|2

1k ~rp

1tkm ~pn)

| iddi‘; = (0} — ojt?) + % (o071 — ol o)

| idf = (ti@%’“ + 105 + %@ifo@;f — )it — oGt

| b (aimelfs + ohm ol — ok, — okl
1-body density matrix 2-body density matrix

3-body density matrix



Extended BBGKY formalism

Mean-field truncation

e (Correlated and uncorrelated contributions
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Extended BBGKY formalism

Mean-field truncation

e (Correlated and uncorrelated contributions

1k 1
Q51 = 2Q[3Ql] +Cz = Q;Qz —QzQ] +C
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Extended BBGKY formalism

Mean-field truncation

e (Correlated and uncorrelated contributions

1k 1
Q5 —QQUQZ] +Cz = Q;Qz —QzQ] +C

d@ 7 1 () m 1R M
Zd—tc7 = (thoj — okt5) + 5 9 (Tl — omitji)
d 7’ ; k k 1 ~1k

Mean-field potential |




Extended BBGKY formalism

Mean-field truncation

e (Correlated and uncorrelated contributions

k .k
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e Simplest closure: Hartree-Fock (or mean-field) approximation

but need to account for correlations due to two-body collisions...



Extended BBGKY formalism

Mean-field truncation

e (Correlated and uncorrelated contributions

k .k
&Q;l — QQ/EJ&QZ] _I_Czl — Q]Ql o QlQ] _I_x

k ik ml k ~ml
Zd—tj = (tkgj — Q};tj) - =3 5 ( ;11@?7; — anzvﬁe)

d’b 1 7 : 1
— ZE:([t + T3] 0f — ek [t7 +15]) + 5

e Simplest closure: Hartree-Fock (or mean-field) approximation

but need to account for correlations due to two-body collisions...

L,y Molecular chaos approximation



Extended BBGKY formalism

Towards the collision term

* Molecular chaos assumption = correlations are built from collisions
between uncorrelated particles

dcit ¢
L GO+ O3
) k~'rp

(1—0)i(1— o)k 050! — oboy 05k (1 — 0)3(1 — 0)f
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Extended BBGKY formalism

Towards the collision term

* Molecular chaos assumption = correlations are built from collisions

between uncorrelated particles

dC'tk
! t" CrF +thew

k
dt o Cnly

2

(

* Evolution equation

_ (j?’ftp}

(1—0)i(1— o)k 050! — oboy 05k (1 — 0)3(1 — 0)f

Pauli-blocking factors

~1k ~ml 1k ~ml
5 vmlek - C lvgk)



Extended BBGKY formalism

Collision term

doj s oAl >

SN

dt { € j J
N L o . o
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Extended BBGKY formalism

Collision term

doj s oAl >

1— = [t + T A} +1C;

dt { € j J
. 40000 . D AP
Ci} x 7 (vifg;fj o0 (L= o) (1= 0)f2 — 032 (1 — 0)3 (1 — 0) 51077 001 o

1 N1 (1 . A\i2s;J1d2 J3 Ja~i3ta 41 02 ~J192 (7 . A\JI3 (1 _ A\J4;i3%4
_|_(1 Q)jl (1 Q)j2vj3j4 Qis 03, vz”liz on QjQUij4 (1 Q)i?, (1 Q)i4 U?ﬁ’lm)

Gain Loss



Extended BBGKY formalism

Collision term

. j_ ~ ~ ~ i
b = [t—I—F,QL—I—ZCj

. 1/ .. ey o . L
it oc 7 (o ) - o022 (- 033 (1 - o) ol o)
+(1 = o) (1= )20 o olioipts — ot 020122 (1 — o) (1 = o) 512 )

\ ()



Extended BBGKY formalism

Collision term

dQZ A A [/ A .
. J A 1
Zdt { + Qj—|—Z i

| 1 /. e . . o o o

11 T st1t2 A L ~TJ3J40 40 B A~ L 13 . 14 ~J3J4 [ J1 . J2
C’Lll X 4 (U’igu QJ} é.’;f4/Ujlj2 (l Q“i ¢ 503 Vigi (1 Q) | (1 Q)j4vj1j2 Qzll i,
T N (] A\t2mJ1d2 03 Ja~i3ta 11 02 ~J102(7 0 \JI3 (7 _ . \J4:1314

+(1 = 0);, (1 — 0) 505,75, i, 03,07y — 05, 055055, (1 — 0)i5 (1 — o), vz-/lz-Q)

\_ ()«

After computing the interaction matrix elements,

i — [Hvac _I_Hmat _|_Hself7@] _I_ZI(Qa é)

—> The QKEs are an approximation neglecting higher than 2-body
correlations.



2. Neutrino evolution in
the early Universe

The Adiabatic Transfer of Averaged
Oscillations approximation

10



Neutrino decoupling

" Neutrino decoupling

e/

—_— ‘;—,,’9//

// Electron/posﬂron annlhllatlon

——
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Neutrino decoupling

/" Neutrino decoupling
06 .20

| =

Below this temperature
=T, =T, xa”'
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Neutrino decoupling

TI/

e

" Neutrino doing "\ Below this temperature
| — TD — T X a
U

1.40-
1.35]
1.301
1.25]

| T ~ 1MeV T 120

1.151

— ‘;—;9/ 2

— 1.10-

// Electron/positron annihilation 1.05

_Ty
_T\)

-a | ..

t

Entropy transfer from et

T~ 0511 MeV | Ty N\, slower than a=!
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Neutrino decoupling

=

Neutrino decoupling ) Below this temperature
“ Ty — Ty — T d
u

e

1.40;
1.35;
1.30;

1.25;

1.15-

— o

1.10;

on annihilation

1.05;

1.00;

Entropy transfer from et
Ty \ slower than a !
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Neutrino decoupling with flavor oscillations

Y s ——— _
— 1. * Solve the QKE with the hypotheses
— T, of homogeneity and isotropy ;
— T o _
0.20f |« Species involved: v, U, e*
. Vacuum
| T 0 0 M2
— 0.15¢ N / 17| — — Hp— ,t — [U_UTa }
| E == No mixing 'I,’ t [at pap] Q(p ) 2p Y%
QQJ Ill Ele —I_ Ple . =
N——— ',’ —2\/§GF;U{ b > p;Q] +ZI[97 Q]
c>:< 0.10f A ; myy o
= Lepton mean-field  Collisions
0.05| |« Parameterization:
2 (p,t) = 2P D
0001 100 101 10-2
Tern (MeV)

Effective temperatures 19



Neutrino decoupling with flavor oscillations

Y s —— ,
. * Solve the QKE with the hypotheses
— T, of homogeneity and isotropy ;
—_— TVT /// | | _
0.20f |« Species involved: v, U, e*
. Vacuum
— — QKE / o o M2
— 0.15} N / 11| = — Hp— tZ[—T,}
| E == No mixing ! t [at pap] Q(p7 ) U 2p U Y%
QE‘O ’ll Ee _I_]P)e .
‘\X/ '/ —2\/§GFP|: : I,),nQ : p)@] _I_ZI[Q) @]
0.10} 1 A : %
= ) : Collisions
— Lepton mean-field
0.05}  Parameterization:
-« == 3.0440
O{( t) _ ]‘_|_5gl/oc(p7t)
QO{ p) T ep/TVa _|_ 1
000 =10 10T 10
Tern (MeV)

Effective temperatures 19



Approximation scheme for neutrino oscillations

0.25

0.20}

— QKE

0.05}

--- No mixing

_______________
’/

————————————————————
-
-
-
-~

1072

0.00

Tor

“No visible oscillations”

—> averaged oscillations?
—> approximate scheme?
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Approximation scheme for neutrino oscillations

* Simplified argument: 2-neutrino mixing, no mean-field

, do, rM?
M T Z{
%:—z{U—UT,Q}—I—I <— d? 2p
dt 2p

Om = UTQU

QO} + UVIU

14



Approximation scheme for neutrino oscillations
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Approximation scheme for neutrino oscillations

* Simplified argument: 2-neutrino mixing, no mean-field

dom, M?
L =—i|UUlo|+T — 2p
P Om = UTQU \

(—]
\ )

Localized neutrino injection
(UTIU ~ K X (5(0)) 14

Om —




Approximation scheme for neutrino oscillations

* Simplified argument: 2-neutrino mixing, no mean-field

dom T MP ;
V2 Ll z[ ,thUIU
P QmEUTQU \

Schematically,

Om —

Random neutrino injection
14



Approximation scheme for neutrino oscillations

* Simplified argument: 2-neutrino mixing, no mean-field

dom T MP ;
V2 Ll z[ ,thUIU
P QmEUTQU \

Schematically,

+~ O+ \

Om —

\ = O+ o+

Random neutrino injection
14



Approximation scheme for neutrino oscillations

* Simplified argument: 2-neutrino mixing, no mean-field

do, M*
E:—z[UZ—UT,Q} +7 — @ d 2p
P om = UToU

Generalization with the full Hamiltonian if it evolves
“slowly” (= adiabatically).
—> Adiabatic Transfer of Averaged Oscillations
Schematically, ‘ -
[

+ o+

i~ O

Om —

\ = O+ o+

Random neutrino injection
14



Neutrino decoupling with flavor oscillations

0.25

— T Full QKE and ATAO resolutions
— Tu indistinguishable!
— T, / - =
0.20] f - (Difference AN, ¢ ~ 107°)
/  Slight increase of N ¢ (3.0434 —
— — QKE / €
— 0.15] N ,' 1 3.0440)
| --- No mixing I,’
Sl flavor conversion of v, == more
X o ' ohase space for e* annihilations
Xowp s
=
0.05¢
0005155 10T 10-

Tern (MeV)

Effective temperatures 15



Neutrino decoupling with flavor oscillations

0.25

0.20¢

0.05¢

0.00

Effective temperatures

Full QKE and ATAO resolutions

iIndistinguishable!

(Difference AN ~ 107°)

 Slight increase of N ¢ (3.0434 —
3.0440)

flavor conversion of v, == more
phase space for e= annihilations

e Deviations from the value
N, = 3.0440:

C
 Primordial asymmetries

 New physics: BSM interactions,
sterile neutrinos, ...

o Effect of anisotropies?

— T,

— T,

— T,

— QKE

--- No mixing

T (AN T S T
Tern (MeV)

15






Adiabatic Transfer of Averaged Oscillations

0 {2 — Hpg} o(p,t) = [U%UT,Q} — 2\/§GFP[

IE:lep =+ IP)lep
ot op 2

my,

,@} + 170, 0]
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Adiabatic Transfer of Averaged Oscillations

0 {2 — Hpg} o(p,t) = [U%UT,Q} — 2\/§GFP[

IE:lep =+ IP)lep
ot op 2

my,

,@} + 170, 0]

— diagonal in the matter basis,
which evolves adiabatically
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Adiabatic Transfer of Averaged Oscillations

0 {2 — Hpg} o(p,t) = [U?L:UT,Q} — 2\/§GFP[

IE'lep =+ IP)lep
ot op 2

my,

,Q} +1Zlp, 0]
— diagonal in the

which evolves adiabatically

* Non-diagonal components of the density matrix in matter basis are
averaged out

 Effective "ATAO” equation O0m U@?\

Ox "| keep only the diagonal

comoving variable x « a > 17



Quantum Kinetic Equations: collision term

%, %, M2 E +P
o - _ oy o e e : _
Vacuum Mean-field Collisions

1] C[VD—>6_€+]

LC _ clvem—veT] 4 C[ue+—>ue
e e _12°GE / B, P &
2 2, | (27)32E, (27)32F5 (27)32E,
X (27T)45(4> (p1 + p2 — p3 — pa)
X [4(p1 o) (ps - pa) FEE (WD) 4@ 5 3 | ()
+4(p1 - pa)(p2 - p3) PR + ) — ) 4 W)

—2(py - p3)m? ( FLRQW @ 4 )3 4 @) 1 pRL(,(M) 4 @) () 4 6<4>)) }

+ C[VV]

Computationally expensive
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Quantum Kinetic Equations: collision term

%, %, M2 E +P
o - _ oy o e e : _
Vacuum Mean-field Collisions

+ —|—]

LC _ clvem—veT] | plvet—ve
plve—vem) _L2°GE / I dps _dp
2 2F, | (2m)32E, (27)32E5 (27)32E,
x (2m)*0 (p1 + p2 — p3 — pa)
X {4(191 - p2)(p3 - pa) FEE (V) e — B 4 o)
+ 4(p1 - pa)(p2 .p3>F£R(V(1) 4+ (2 5 B 4 6(4))
— 2(p1 - p3)m? (FSLCR(V(l) +e®@ B 4 o@y L RRLM 4 o) () 6(4))) }

C[VD—>€_€+]

+ C[VV]

Computationally expensive

Statistical factor
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Quantum Kinetic Equations: collision term

%, %, M2 E +P
o - _ oy o e e : _
Vacuum Mean-field Collisions

1] C[VD—>€_€+]

LC _ clvem—veT] 4 C[ue+—>ue
plve—ve ] _1 2°G% / d”p d’pi3 d’py
2 2, | (27)32E, (27)32F5 (27)32E,
X (27T)45(4> (p1 + p2 — p3 — pa)
X [4(p1 o) (ps - pa) FEE (WD) 4@ 5 3 | ()
+4(p1 - pa)(p2 - p3) PR + ) — ) 4 W)

—2(py - p3)m? ( FLRQW @ 4 )3 4 @) 1 pRL(,(M) 4 @) () 4 6<4>)) }

+ C[VV]

Computationally expensive

Statistical factor

Pauli-blocking
FAP () + e = 00 4 eW) = f,(1 - f2) [GHosGP (1 — 01)] = (1 = fa) fo [GH(1 = 03)GP 01] + h.c.

Hgain” “lOSSH 18



Checking the adiabatic approximation

Effective
oscillation
frequencies
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Checking that oscillations are averaged

109_

00m

E — _Z[Hma Qm] + lCm

106-

Effective oscillation
frequencies

103_

100{ -

Relative variation
of collision term
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Using the results from neutrino decou

* Neutrino energy density today 0, = pv+Pp 22 M0,

D (Qu X %) (eV)

93.22

93.20 [

93.18 [

93.16

93.14 |

93.12

93.10 [
93.08 [

93.06
0.00 0.05 0.10 0.15 0.20

Pecrit Pcrit

—— Normal ordering

— Inverted ordering

————— Quasidegenerate spectrum

Z my, (eV)

0.25

pling
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Comparison of Hamiltonian contributions

Rate’s order of magnitude

Ho x 2 x U

T =me/Tem

10~2 1071 10°
Lot L —— Vacuum (Am3,) = ---= Mean-field (pe+ + Pox) |
—— Vacuum (Am3,) - Mean-field (p,+ + P,+)
1012 | —-—- Self-potential (J, & = 0.01) — Collision ()
1010} \\"'\-\.\.\.
108 -\:33:\ T
10 P T T~
104 i \f\\ - ~Q
102} T
I
100+ N -
NZk v itk ik ~~e
FOAE F
10—2 | §\ L . L | \\\ |
10 10 101
Tem (MeV)
0 0 Dot &+ Pos 0 0
Ams3, 0 Ul Hiep X T % X 0 pu=+ P, 0
0 AmZ 0 0 0



Comparison of Hamiltonian contributions

x=me/Tem

10~2 101 10°
Lot —— Vacuum (Am3,) - Mean-field (pe+ + Pox) |
—— Vacuum (Am3,) = Mean-field (p,+ + P,+)
1012k —-— Self-potential (J, £ = 0.01) —— Collision (K) .
© .\-\,\.\.
rU \-\.\.\
._E 1010 -\.\_\.\. i
g \-\.\.\
%O ::\\ \\\\
E 108 B \\::\\\ \.\'\.\.\ —
S S \\\ Te~. =
@) \\\ \\\\ \\\
'_q;) 106 = \\ \\\\\\\ ~ .
b N So
O \\ @
5 10t . e .
= : R
st — : Sseo
10% F N N i
: \ : S
\\ : \\‘\
: A P R
10° gczé \ @2 o RREN .
— : \ Lo ~ S
&~ N = T~ s
10—2 I R [ T~o
101 10V 101
Tem (MeV)

MSW transition when Hiep domination becomes Hy domination
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“Moment” Quantum Kinetic Equations

* Angular moments of the density matrix:

N 1
F* :pQ/dQ pi/P Q(tafaﬁ)
_Pij_ _pipj/pQ_

* Focus on “fast-flavor instabilities”, governed by the Hamiltonian:

%self — \(/2555 /dgq)(l — CO5 9) [Q(tvf7® o é(tafa d)]

e QKEs for moments:

i(ﬁajj = gij) — V2Gp [N~ N,N] - V2@ [(F — F);, F]
(52 5) o v -
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N 1
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“Moment” Quantum Kinetic Equations

* Angular moments of the density matrix:

N
F'| = p2 /dﬂ pi/P Q(ta faﬁ)
_Pij_ _p'ipj/pQ_

* Focus on “fast-flavor instabilities”, governed by the Hamiltonian:

V2G . R o
%self — (27_‘_)5 /dgq (1 — COS 9) [Q(ta Ly @ IR Q(t,CE, @]

° : l k

QKEs for moments: Closure Pofﬁ (Na ,Faﬁ>

ON  OFY -

(0 20) - i -l
(OF* OPY iy
Z ( ot | Oad ) Ve [N = N F] = v2Gr |(F = F)p. P
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