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• In order to describe the evolution of a statistical ensemble of neutrinos: 
combination of kinetic theory and quantum mechanics.

• Generalization of the distribution functions: the “density matrix”

Introducing the QKEs

4

Flavor mixingBoltzmann equation
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hâ†⌫e
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• In order to describe the evolution of a statistical ensemble of neutrinos: 
combination of kinetic theory and quantum mechanics.

• Generalization of the distribution functions: the “density matrix”

• Evolution equation: the Quantum Kinetic Equation

Introducing the QKEs
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â⌫ei
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Various approaches to derive the Quantum Kinetic Equation: 

Central object: s-body reduced density matrix 

In particular, one-body density matrix

Derivation of the QKE

5

‣ Perturbative expansion [G. Sigl, G. Raffelt, Nucl. Phys. B 406, 423 (1993)] 

‣ Close Time Path formalism [D. Blaschke, V. Cirigliano, Phys. Rev. D 94, 033009 (2016)] 
‣ Extended BBGKY hierarchy [JF, C. Pitrou, M.C. Volpe, JCAP 12, 015 (2020)]
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• Hamiltonian (second quantization) 

• BBGKY hierarchy

Extended BBGKY formalism 
Hierarchy of equations
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i âj +

1

4

X

i,j,k,l

ṽ
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Kinetic term Two-body interactions[C. Volpe et al., Phys. Rev. D 87 (2013)]

3-body density matrix
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• Hamiltonian (second quantization) 

• BBGKY hierarchy

Extended BBGKY formalism 
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X

i,j

t
i
j â

†
i âj +
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• Correlated and uncorrelated contributions

Extended BBGKY formalism 
Mean-field truncation
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• Correlated and uncorrelated contributions

• Simplest closure: Hartree-Fock (or mean-field) approximation

but need to account for correlations due to two-body collisions…

Extended BBGKY formalism 
Mean-field truncation
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ml
jk

�

Molecular chaos approximation



• Molecular chaos assumption = correlations are built from collisions 
between uncorrelated particles

Extended BBGKY formalism 
Towards the collision term

8

Pauli-blocking factors
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• Molecular chaos assumption = correlations are built from collisions 
between uncorrelated particles

• Evolution equation

Extended BBGKY formalism 
Towards the collision term
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ṽikmlC

ml
jk � Cik

mlṽ
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j1j2
j3j4

%j3i3%
j4
i4
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i3i4
i01i2

⌘

Extended BBGKY formalism 
Collision term

9

<latexit sha1_base64="VfqfNL/fNmZxjXay0Ou5hxkXtt0="></latexit>

i
d%ij
dt

=
h
t̂+ �̂, %̂

ii
j
+ i Ĉi
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 The QKEs are an approximation neglecting higher than 2-body  
correlations.
⟹
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2. Neutrino evolution in          
the early Universe
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The Adiabatic Transfer of Averaged 
Oscillations approximation



Neutrino decoupling
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Neutrino decoupling with flavor oscillations

12Effective temperatures
Tcm (MeV)

10
0
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1¥ QKE

No mixing

• Solve the QKE with the hypotheses 
of homogeneity and isotropy ; 

• Species involved:  

• Parameterization:

ν, ν̄, e±
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Approximation scheme for neutrino oscillations

13
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“No visible oscillations” 
 averaged oscillations? 
 approximate scheme?
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Generalization with the full Hamiltonian if it evolves 
“slowly” (= adiabatically). 

 Adiabatic Transfer of Averaged Oscillations⟹



Neutrino decoupling with flavor oscillations

15Effective temperatures
Tcm (MeV)

10
0
£
≥

T
∫

T
cm
°
1¥ QKE

No mixing

Full QKE and ATAO resolutions 
indistinguishable! 

(Difference )ΔNeff ≃ 10−6

• Slight increase of  (3.0434  
3.0440) 

flavor conversion of more 
phase space for  annihilations

Neff →

νe ⟹
e±



Neutrino decoupling with flavor oscillations

15Effective temperatures
Tcm (MeV)

10
0
£
≥

T
∫

T
cm
°
1¥ QKE

No mixing

Full QKE and ATAO resolutions 
indistinguishable! 

(Difference )ΔNeff ≃ 10−6

• Slight increase of  (3.0434  
3.0440) 

flavor conversion of more 
phase space for  annihilations

Neff →

νe ⟹
e±

• Deviations from the value 
: 

• Primordial asymmetries 
• New physics: BSM interactions, 

sterile neutrinos, … 
• Effect of anisotropies?

Neff = 3.0440
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• Non-diagonal components of the density matrix in matter basis are 
averaged out 

• Effective “ATAO” equation

Adiabatic Transfer of Averaged Oscillations
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Checking that oscillations are averaged
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• Neutrino energy density today

Using the results from neutrino decoupling
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Comparison of Hamiltonian contributions
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Comparison of Hamiltonian contributions
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“Moment” Quantum Kinetic Equations
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• Focus on “fast-flavor instabilities”, governed by the Hamiltonian: 

• QKEs for moments:
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